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When two species are initially separated and react according to a second-order reaction
scheme, A + B — C, a dynamical reaction zone or reaction front forms. In horizontally
oriented layers filled with liquid miscible mixtures, natural convection plays a crucial role.
In particular, when the three chemical species (A, B, and C) involved in the reaction affect
the surface tension at the air-liquid interface, currents due to Marangoni forces emerge and
couple to the preexisting reaction-diffusion dynamics of the front. The system dynamics is
then described by coupling the reaction-diffusion-convection equations of the three species
to the incompressible Navier-Stokes equations subject to Marangoni stresses at the air-
liquid interface. In this work, we analyze the surface tension profiles and the structure
of the flows that result from this coupling, such as the number of convective rolls, their
rotational direction and relative size, in the general scheme when all the species diffuse
at different rates. We show how differential diffusion effects induce and control complex
Marangoni-driven convective patterns in solution. We connect the structure of the reactive
flows to the surface tension profiles and their monotonic properties. Independently of the
model parameters, we find that the number of extrema () and of convective rolls (n) are
related as n < m + 1 for all times, with n and m defined as positive integers. The analysis
is simplified when the monotonic properties of the surface tension profiles are conserved
in time, for which we show that n = m + 1 for all times. By varying the layer thickness
with differential diffusion, more complex convective structures also generically emerge.

DOI: 10.1103/vgrv-6gmz

I. INTRODUCTION

When two initially separated solutions of reactants A and B meet and react according to a
bimolecular A +B — C reaction, a front, defined as a spatially localized region with nonzero
production rate, is formed [1]. The properties of such fronts are well characterized and described in
the context of reaction-diffusion (RD) theory [1-14] when studied experimentally in gels to prevent
any convective motion [3,9,11,15,16]. However, when such fronts propagate perpendicularly to the
gravity field in systems open to the air, discrepancies with classical RD theories are observed due
to convective motions driven by surface tension (Marangoni flows) and/or density (buoyancy flows)
gradients across the front arising from concentration and temperature changes during the chemical
reaction (see Tiani et al. [17] and references therein). Rongy et al. have provided the first theoretical
studies of buoyancy flows induced across isothermal A + B — C fronts [18]. The authors showed
that such convective motions can lead to front propagation for equal diffusion coefficients and
initial concentration of reactants for which the RD theory predicts a stationary front. Moreover,
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they classified the front dynamics and all the possible density profiles and related flow properties in
a parameter space spanned by the Rayleigh numbers of the problem, which quantify the influence
of each chemical species on the solution density. In particular, they could predict the number of
convective rolls that can be observed in solution (0, 1, or 2). The number of convective rolls is also
unchanged for arbitrary initial concentrations of reactants [19]. We have complemented this analysis
with Marangoni flows across the same A +B — C fronts for arbitrary initial concentrations of
reactants and same diffusion coefficients of all species, while the solution density has been assumed
constant in space and time to prevent any buoyancy-driven convection [20,21]. In comparison with
buoyancy-driven flows, the front exhibits more complex dynamics in the presence of surface tension
effects. In particular, the Marangoni effect modifies timescalings in the intermediate time regime,
and the front reverses its direction in the course of time for appropriate values of the Marangoni
numbers, that quantify the influence of chemical species on the surface tension. A new classification
of convective effects on A + B — C fronts has been provided as a function of the Marangoni
numbers. In particular, the number of convective rolls that can be observed in solution remains the
same than in the presence of pure buoyancy-driven flows (0, 1, or 2).

While all the species were assumed to diffuse at the same rate in the previous studies, more com-
plex and rich spatiotemporal behaviors are to be expected due to differential diffusion effects. Such
effects have been widely studied in the literature in the context of reactive fronts and hydrodynamic
instabilities [22-28]. In particular, when considering simple A + B — C bimolecular kinetics,
with solute A dissolving into the host fluid containing the reactant B along a horizontal interface,
differential diffusion effects have recently been shown to change the morphology of density-driven
fingers and the system dynamics [26-28]. In particular, differential diffusion effects can accelerate
or slow down convection [27]. Also, additional shapes of density profiles are possible triggering
thereby new dynamic effects such as the simultaneous presence of two different convection zones
in the host phase driven by nonmonotonic density profiles (with both a minimum and a maximum)
[26-28]. In a horizontally oriented system where convection always sets up (i.e., in the absence of
any prescribed hydrodynamic instability), transient spatiotemporal oscillations of surface tension
were reported when the A + B — C front propagates perpendicularly to the gravity field [29]. This
occurs as a unique feature of the interplay between chemically driven Marangoni convection and
differential diffusion of chemical species and hence, describes a new mechanism of oscillations
different than those recently reported where damped temporal oscillations were found by assuming
all species to diffuse at same speed [30,31] or by coupling Marangoni stresses with buoyant forces
[30,32-36].

In this context, the goal of the present work is to provide a more detailed analysis of the
spatiotemporal dynamics of surface tension and of the related Marangoni flows driven across the
bimolecular A 4+ B — C reaction front when all the species can diffuse at different rates in a
horizontally oriented system.

The article is organized as follows. In Sec. II, we present the model system and generalize
the governing dimensionless equations to arbitrary diffusion coefficients of all species. In the
absence of convection, an asymptotic analysis can be performed in the large-time asymptotic
limit. In Sec. A, the surface tension profiles are evaluated analytically based on the large-time
asymptotic solutions of the RD equations, by following the approach of Trevelyan et al. [12]. The
corresponding RD large-time asymptotic surface tension profiles are then classified as a function
of the number of extrema, and compare them with the numerical profiles obtained at all times.
When the species diffuse at different rates, we predict analytically a maximum of four extrema
in the RD surface tension profiles. In Sec. IV, we highlight the effects of convection on the RD
predictions, showing that more extrema can be observed. The formation of extrema can lead to
more complex patterns of the flow by inducing additional convective rolls in the system and hence
to more exotic structures of the reaction zone. Eventually, conclusions and prospects are drawn
in Sec. IVD.
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FIG. 1. Sketch of the system. Two solutions of reactants A and B of concentrations ay and b, and of surface
tension y,4 and yg, respectively, are initially separated in space in a two-dimensional domain of length L, and
height L,. The species diffuse at rates D, and D,.

II. MODEL SYSTEM

The model system is similar as the one described by Tiani et al. [20], with the exception that the
solutions have different chemical properties since species A, B, and C can diffuse at different rates. It
consists of a horizontally orientated system (see Fig. 1), in which a solution containing a reactant A,
of concentration ay, is placed beside a solution containing a reactant B, of concentration by, along a
vertical contact line at time t = 0. The species A and B diffuse at rates D, and D, respectively. The
two miscible reacting solutions meet at ¢ > 0 and react according to the isothermal A+ B — C
reaction to produce a third species C. The resulting localized region of space where C is produced
is called the reaction front. All the species are supposed to affect the surface tension of the solution,
therefore inducing gradients of surface tension leading to Marangoni flows. We assume that the
air-liquid interface is not deformable and neglect the evaporation processes during the chemical
reaction, so that we do not address the dynamics in the air layer. In order to focus on surface tension
effects, we also consider the solution density as constant in space and time preventing any induced
buoyancy-driven convection in solution.

The dimensionless governing equations are obtained by coupling the RDC equations for the
chemical concentrations of the reactants a, b and of the product ¢ to the incompressible Navier-
Stokes equations for the velocity field v = (u, w); i.e.,

9
8—‘;+Q.Va=v2a—ab, (1)
ab 5
ot Vb=8Yb—ab, 2
dc 2
E—i—g-Vc:éCVc—i—ab, 3
v 5
o (v-V)v =Sc(Vu—Vp), 4)

divv =0, &)

where 8, . = Dy, /D, are the two diffusion coefficient ratios, D, being the diffusion coefficient of
species C, and Sc = v/D,, is the Schmidt number, with v the kinematic viscosity. Equations (1) to
(5) are straightforward generalizations of the dimensionless RDC and Navier-Stokes equations de-
scribed for equal diffusion coefficients [20], where the characteristic length and timescales are
constructed with respect to D, (instead of D) [see also Ref. [29] for the dimensional versions of
Egs. (1) to (5)]. The dimensionless initial conditions are separated reactants such that,

a=1, b=0, ¢=0, Vz, x <O, (6)

a=0, b=, c=0, Vz, x>0, @)

where 8 = by/ay is the ratio between the initial concentrations of B and A.
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The dimensionless conditions at boundaries of Fig. 1 are written as follows:

ac;
& y—w=0 atx==+L2, (8)
0x
ac;
—C=u=w=0 atz =0, )
0z
ac;
& w=0 atz =L, (10)
a7
ou ac;
5= L Magy wisl v

where L, and L, now represent respectively the dimensionless length and height of the system.
In Eq. (11), the dimensionless solutal Marangoni number Ma; of species i = (A, B, C) which
quantifies the influence of each chemical species on the solution surface tension, is defined as [37]
1 [ap 0
Mai = —— 0 —y = is

n\ Dyk dc;
where we assume that M, ; . > 0, since it is more common in experiments to observe that the solutes
i decrease the surface tension of the solvent such that dy /dc¢; < 0, Vi.

For sufficiently dilute solutions, the solution surface tension is expected to vary linearly with the
concentrations. Using Eq. (12), the dimensionless surface tension of the solution reads

)/(x, t) = _Maa(x9 LZ’ t) _Mbb(xa LZ’ t) - MCC(X, LZ? t) (13)

12)

Our model includes then eight dimensionless parameters: four hydrodynamic parameters, the
Marangoni numbers of each species M, ;. and the Schmidt number Sc, two parameters related
to the domain geometry, L, and L, and the two diffusion coefficient ratios §, . describing the
transport by diffusion of species B and C with respect to A. The system dynamics is then obtained
by numerically integrating the complete set of Egs. (1)—(5) subjected to the described initial and
boundary conditions, with the numerical procedure as described in previous studies [20,38].

We first seek to derive analytically the monotonic properties of the surface tension profiles. Such
properties can be obtained analytically in the asymptotic large-time limit, with the RD model, given
by Egs. (1)—~(3) with v = 0.

III. ANALYTICAL RD SURFACE TENSION PROFILES IN THE LARGE-TIME
ASYMPTOTIC LIMIT

We follow the approach proposed by Trevelyan et al. [12] for reconstructing density profiles
in A+ B — C systems to construct the large-time asymptotic surface tension profiles based
on Eq. (13). In the large-time limit (diffusion-limited regime), Gélfi and Racz [1] provided the
large-time asymptotic solutions for the reactants concentrations when the diffusion coefficients are
equal, together with the scalings with respect to time of the front position x; ~ +/¢, and of the front
width w ~ /%, Hence, on the diffusive length scale, that scales as ﬁ the width of the reaction
zone tends to zero as t — oo. In such a large-time limit, the system is therefore described by the
free diffusion of reactants A and B outside the reaction zone (where no reaction takes place) while
the two reactant concentrations are equal to zero at the position of the front. Koza [8] generalized
the approach to obtain the large-time asymptotic solutions for the reactants concentrations for
unequal diffusion coefficients, and Sinder and Pelleg [10] obtained the analytical solution for the
product. Based on those solutions for the reactants and the product concentrations, we can finally
reconstruct the RD surface tension profiles in the large-time asymptotic limit. We refer the reads
to the Appendix for all the details. We recall that the large-time asymptotic limit of the problem
is physically equivalent to taking the limit k — oo (infinitely fast chemical reaction) for which the
timescale of reaction is infinitely small (diffusion-limited regime). Indeed, for that case, particles of
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reactants instantaneously react when they meet each other leading to an infinitely thin reaction zone
as it is the case in the large-time asymptotic limit with a finite reaction rate. Therefore, the analytical
solutions as derived in the Appendix should also be valid in the absence of convection for all times
when k — oo.

This asymptotic analysis has led to the final classification given in Fig. 2, illustrated when
the solution of B has a larger surface tension than the one of A (yp > ya). As detailed in
Appendix, we define L; = Lye® 175" R = Rye®’®' =5, where L, = 2M,8. /erfc(a/+/3.) and
R, =268./(8perfc(—a/+/3.)), and o = xf/Z\/; where x is the front position and solves the equa-
tion, e @'~V erfc(a//8) = B/perfe(—a).

Such a classification can be read as follows. The first frame gives the number of extrema
predicted in the large-time asymptotic limit, the second one provides the conditions on the dif-
fusion coefficients ratios §, and §, to obtain this number of extrema, while the third one gives a
schematic representation of the global surface tension profiles obtained by combining the left- and
right-hand sides of the surface tension at the position of the reaction front (vertical dot line) (see
Appendix). Regarding such a representation, we have drawn here one of the possible mathematical
representations of those profiles consistent with the RD asymptotic solutions. Finally, below each
profile are provided the sufficient conditions on the Marangoni number of species C. We note that
the conditions on M, cannot be simplified into a single one independent on the sign of « when two
extrema are observed on one side of the reaction front in the related profiles. Indeed, there is only
one possibility to obtain such profiles as a function of M, which is fixed by the sign of o. We recall
that the conditions on the Marangoni numbers of species A and B are implicitly described by the
initial condition that yg > y4, which is equivalent to M8 < M,,.

We find thus, a total of 31 different surface tension profiles when yz > y4 and, together with the
case yp < Ya, there are 62 (31 x 2) types of surface tension profiles in the asymptotic large-time
limit with a maximum number of four extrema in between y4 and yp. In comparison with the
scenario where all the species diffuse at the same rate, only six types of profiles were found with a
maximum number of two extrema. This highlights the important role of differential diffusion effects
that make the spatial variation of surface tension, and hence the related structure of Marangoni flows,
more complex (cf. Sec. IV).

Note that a similar asymptotic analysis can be performed in the short-time limit, where the
concentration of species C is negligible so that the leading-order equations correspond to the pure
diffusion equations for A and B. Based on the same work [12], we straightforwardly obtain that a
maximum of six types of surface tension profiles can be found in such a short-time limit. Indeed,
when BM;/M, < 1, i.e., when y4 < yp, such profiles are nonmonotonic with two extrema (with
a global maximum and a global minimum) when §, > 1, nonmonotonic with two extrema when
8, > (BM),/M,)* (where the surface tension increases from y, but decreases from yg, such as in
Fig. 2 for 8, < 8. < 1) and monotonic when § < (8M;/M,)*. Similarly, when SM,/M, < 1, i.e.,
when y4 > yp, three additional types of profiles are obtained as a function of §, by inverting the
inequality signs, leading to a maximum number of six types of profiles. This result shows that adding
only one species from the nonreactive two-species problem to the reactive three-species problem
greatly enhances the different possible scenarios for the shapes of the surface tension profiles (from
6 to 62 types of profiles) and in particular, that three and four extrema are unique features of the
reactive case with differential diffusion.

1. Comparison with the numerical RD surface tension profiles

The analytical solutions we used to construct Fig. 2 are formally derived in the large-time
asymptotic limit. The shapes of the related surface tension profiles are always recovered numerically
after a finite time that depends on the chosen values of the model parameters. We illustrate this point
by following in the course of time the numerical surface tension profiles, for the case where three
extrema are analytically predicted in the large-time limit (see Fig. 3). To form three extrema, we
consider the simplest scenario of a front that is stationary in the large-time limit (¢ = 0), with a local
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FIG. 2. Schematic representation of the global large-time asymptotic RD surface tension profiles obtained
by combining the left- and right-hand sides of the surface tension at the position of the reaction front (vertical
dashed line) and illustrated for yz > y4 (or, equivalently, M, < M,). We obtain 31 different types of surface
tension profiles which are classified as a function of the number of extrema, i.e., from zero extremum to four
extrema. The conditions on the diffusion coefficients ratios §, and 8. and on the Marangoni number of species
C are also provided.

044002-6



DIFFERENTIAL DIFFUSION EFFECTS ON THE ...

-20F
250 i
= — t=5
t=10
L —=t=50
-30 — - t=100
t=200
t=300
-35F t=400 i
-40 @
C L | | L
-150 -100 100 150
-23.27+
-
-23.2721
-23.274
_20 [ T T T —7\, 1 -23.276- ‘ ‘ |
I = Gexrema ~ 0 M=50 3 35 4 45
t"& extrema = 13’ Mc: 60 2423 T T
S25F = Gegema ~ 24 M7 65 - 7
o = erema = 5 M= 70 2024 , ]
3 extrema c > F
24251 i 1
i y:
-24.26 _//
B —24.27—’/ .... |
-24.28) | | | |

(b) B 254+ ‘ ‘ ;
25 50 75

FIG. 3. (a) RD surface tension profiles at different times for (M,, M;,, M) = (40, 20, 75), 8. = 2, and §, =
1 = B. As time increases, the surface tension profiles change from nonmonotic profiles with a minimum to
profiles with three extrema. (b) By decreasing M., the time, #3 exyema (1), for the three extrema to appear in
the surface tension profiles decreases. Zooms for M, = 60 (circle), M. = 65 (square), and M. = 70 (diamond)
around the formation of the two local extrema are also provided for clarity.

maximum at the front position and two minima, i.e., when §. > (1, §,) and when M, < (L, MyR;),
where L, = 2M,5. and R, = 25,/ (see Fig. 2). Physically, this means that C diffuses faster than A
and B, which reduces the surface tension outside of the front, and if C does not affect too much the
surface tension as compared to the reactants, then a local maximum can emerge inside the reaction
zone in the corresponding large-time limit. In Fig. 3(a), for intermediate times, we note that the
profiles are nonmonotonic with a minimum, while the expected number of extrema is numerically
recovered when ¢ > 240 (£5). If the surface activity of C is lowered, i.e., if M, is decreased, then
the local maximum grows faster and the time to recover the three extrema is then reduced [see
Fig. 3(b)].

Due to the translational invariance of the RD solutions along the depth, the layer thickness L,
does not affect the system dynamics and in particular, the RD surface tension profiles. Similarly,
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when multiplying (M,, My, M.) by an arbitrary factor, the system dynamics is unchanged in the
absence of convection and so is the numerical time to converge to the large-time asymptotic surface
tension profiles.

IV. STRUCTURE OF CHEMICALLY DRIVEN MARANGONI FLOWS

In this section, we develop the effects of differential diffusion on the spatiotemporal dynamics of
surface tension and of chemically driven Marangoni flows (Sec. IV A). To do so, we first calculate
numerically the RDC surface tension profiles and compare the solutions with the RD ones. The
fundamental differences with the case of equal diffusion coefficients are highlighted. Based on
such profiles, we next investigate the dynamics of chemically driven Marangoni flows, i.e., the
number of convective rolls, their rotational direction and respective size, when the species diffuse at
different rates (Secs. IV B and IV C). When all the species diffuse at the same rate, we showed that
a maximum number of two counterrotating convective rolls can be observed in solution [20]; here
much more scenarios are possible leading to complex spatiotemporal dynamics of Marangoni flows.
The shape of the reaction zone also closely follows the structure of the reactive flows. Eventually,
the influence of the layer thickness on the fluid dynamics is presented (Sec. IV D).

A. Numerical RDC surface tension profiles

The surface tension profiles in the presence of convection are obtained by numerically integrating
the complete set of equations, Eqs. (1)—(11).

When the reactants have the same initial concentration (8 = 1) and all the species diffuse at
the same rate (6, = 1 = §.), we have shown that the RDC surface tension profiles can only admit
zero or one extremum as a function of the Marangoni numbers such as for the RD profiles [20].
In the presence of convection, we note that the temporal dynamics of the monotonic properties of
such profiles are identical to the RD scenario. This means that if the RD surface tension profiles
are monotonic for all times without convection, then it is also true in the presence of convection.
Similarly, when the RD surface tension profiles change from zero to one extremum in time, the
same is observed in the presence of convection. Numerically, we note that the same results are also
observed for different initial concentrations of reactants (8 # 1). We relate this observation to the
fact that convection only speeds up the formation of the extremum when all the species diffuse at
the same rates, while the formation of two or more extrema is related to differential diffusion fluxes.
Hence, when §, = 1 = §., convection does not contribute to the formation of new structures in the
surface tension profiles.

However, when species diffuse at different rates (8, # 1 and/or §, # 1), the temporal dynamics
of the RDC surface tension profiles do not necessarily follow the RD predictions (see Fig. 4). We
illustrate the departure from the RD analysis with monotonic surface tension profiles as predicted
in the large-time limit, when §, < §, < 1 and MR, < M, < L with Ry = Ry = 2M,5; and L| =
L, = 2M 4, for a stationary RD front (o« = 0) (cf. Sec. A). In Fig. 4(a), we note that the RD surface
tension profiles are monotonic for all times. We recover the same monotonic properties as in the RD
limit in the presence of convection when the Marangoni numbers are relatively small [see Fig. 4(b)].
By increasing the Marangoni numbers by a scaling factor (here equal to 5), while the monotonic
properties of the RD profiles are strictly unchanged, those of the RDC surface tension profiles
change in the course of time and in particular, the profiles admit two extrema between y4 and yp
as soon as t = 5(£1) [see Fig. 4(c)]. The formation of such extrema is found to be recurrent when
differential diffusion effects are coupled to large convective motions. Here we relate the formation
of the two extrema to convection that, at the surface, enhances the transport of species C towards
the solution of B which decreases the surface tension below yg on the side of B. However, since
species B is less surface-active as compared to species C (M, < M,), the departure of species C is
not compensate by the arrival of species B which drives the formation of two extrema.

As time evolves in the large-time limit, the fluid flow intensity weakens with the gradients of
surface tension so that the monotonic properties of the large-time asymptotic RD surface tension
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FIG. 4. Surface tension profiles at different times for (8;,8,) = (0.50,0.75), B = +/2, when
My, My, M) = a x (20, 5, 20), with a a scale factor and L, = 10. In (a) and (b), the profiles are shown when
a =1 in the absence and in the presence of convection, respectively. In (c), the profiles are obtained with
convection when a = 5. The monotonic properties change in the course of time in (c) while they remain the
same in (a) and (b).

profiles of Fig. 2 are always recovered. We have indeed numerically verified such a statement for all
the sets of Marangoni numbers M, ;. < 1000, diffusion coefficient ratios 8, . < 50, ratio of initial
concentrations 8 < 20, and layer thickness L, < 20 investigated throughout this work. In particular,
in Fig. 4(c), we numerically find that the surface tension is monotonic when ¢ > 360(%5).

Once the surface tension profiles are obtained, the related structure of chemically driven
Marangoni flows can be analyzed. Below, the number of convective rolls, their relative size, and
rotational direction are analyzed in detail for arbitrary diffusion coefficients of all species. For
clarity, we first describe the fluid dynamics in the case where the surface tension profiles retain
their (non)monotonic properties at all times. We then generalize the results to situations where this
monotonicity changes over time.

B. Structure of chemically driven Marangoni flows for constant (non)monotonic
properties of the surface tension profiles

We start with the particular scenario where the surface tension profiles have the same monotonic
or nonmonotonic properties, V¢t (¢ > 0).

When the surface tension profiles are monotonic, we recall that the related structure of Marangoni
flows corresponds to the formation of a single convective roll (see Fig. 5) [39]. The flow is initiated
at the surface towards the largest surface tension zone, i.e., from solution A to solution B when
yp > Y. A return flow arising from the incompressibility condition is also observed in the bulk in
the opposite direction. This leads to the formation of a single clockwise convective roll that deforms
the reaction front across the whole thickness, which is in contrast with the planar geometry of
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FIG. 5. Focus on the convective roll centered on the deformed reaction front at # = 50 for the same values
of the model parameters as in Fig. 4(b). The fluid velocity field is superimposed on a two-dimensional plot
of the production rate which ranges between its maximum value, aby,,x shown in red, and its minimum value,
abmin = 0, shown in blue. The velocity vectors are here tripled compared to their effective length to allow for
a better visualization.

RD fronts. Similarly, the single convective roll turns counterclockwise when yg < y4. In the same
way, when the surface tension profiles are nonmonotonic with a single extremum, as shown when
M, = BM,, (for which y4 = yp) with a minimum in Fig. 6(a), the flow is initiated at the surface
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FIG. 6. (a) Numerical surface tension profiles at different times along x for M, = 10 = M,;,, M. = 50, 8 =
1 =6, and 6. = 0.50 for L, = 10. (b) Focus on the convective rolls centered on the deformed reaction front
at t = 50. The fluid velocity field is superimposed on a two-dimensional plot of the production rate which
ranges between its maximum value, aby,,x shown in red, and its minimum value, ab,;, = 0, shown in blue. The
velocity vectors are here tripled compared to their effective length to allow for a better visualization.
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FIG. 7. (a) Numerical surface tension profiles at different times along x for M, =10=M, =M., f =1,
8, = 0.10, 8. = 0.50, and L, = 10. (b) Focus on the convective rolls centered on the deformed reaction front
at t = 50. The fluid velocity field is superimposed on a two-dimensional plot of the production rate which
ranges between its maximum value, aby,,x shown in red, and its minimum value, ab,;, = 0, shown in blue. The
velocity vectors are here tripled compared to their effective length to allow for a better visualization.

from the regions where the surface tension is minimum towards the largest surface tension zones
which leads to the formation of two counterrotating convective rolls [see Fig. 6(b)]. We note that the
position of the extremum in the surface tension profiles is associated to the point where the velocity
field vanishes, i.e., u = 0 = w, at the surface. In this particular regime of the model parameters,
the profiles of surface tension are fully symmetrical with respect to the maximum and the two rolls
have identical size. However, if the reactants species diffuse at different rates (8, # 1), then the front
moves and this symmetry is broken, even when M, = BM,, for which y,4 = yp (not shown here).
Due to differential diffusion effects (8, # 1 and/or §. # 1), more than one extremum can be
observed on the surface tension profiles (cf. Sec. A). In particular, when two extrema are formed
in such profiles, three convective rolls are observed (see Fig. 7). We note that convection is more
intense on the side where (the absolute value of) the surface tension gradient is the largest one.
In particular, in Fig. 7, the surface tension gradient is stronger on the right side of the maximum
and, thus, it is where the horizontal velocity field reaches its maximum absolute value and so, where
convection is the most intense. Also, the size of each convective roll is related to the spatial extension
of the surface tension around each extremum. Indeed, in Fig. 7(a), the surface tension varies on a
larger distance on the left side than on the right side of the maximum therefore leading to a biggest
convective roll on the left side [as seen in Fig. 7(b)]. Moreover, since the fluid velocity field is
superimposed on a moving RD front, we note that the location of the maximum production rate,
i.e., the front position, is not localized at the convergence points between the convective rolls as it is
observed when 8 = 1 and 6, = 1 = §,. Instead, in Fig. 7(b), the front position is shifted to the right
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FIG. 8. (a) Surface tension profiles and (b) horizontal component of the fluid velocity field at the surface,
us(x,t) = u(x, z = L., t), at different times for (M,, M,, M) = (15, 5, 14), 5, = 0.50,5. = 0.75, 8 = /2, and
L, = 10. Once the gradient of surface tension is locally negative at time r = 5(£1) = #;, ug changes sign at
time t = 21(41) = t, around x = 10. The horizontal dotted line in (b) is added for better visualization of ug
crossing the line, us = 0.

side of the convergence points between the two strongest convective rolls due to the larger diffusive
flux of A as compared to the one of B (since §, < 1).

In the present scenario, as illustrated above, V¢, the number n of convective rolls is given by the
number m of extrema formed in the surface tension profilesasn = m + 1, withn € Nt andm € Ny,
while each convective roll is oriented at the surface towards the largest surface tension zones. As
discussed below, when the monotonic properties of the surface tension profiles change in the course
of time, such a simple relation between n and m can be temporarily violated.

C. Structure of chemically driven Marangoni flows for varying monotonic properties
of the surface tension profiles

In general, the monotonic properties of the surface tension profiles are not conserved in time.
To highlight the differences with the previous subsection, we consider as a generic example the
transition from monotonic to nonmonotonic profiles in the course of time with two extrema [see
Fig. 8(a)]. For a stationary RD front (¢« = 0) (cf. Sec. A), the conditions to find two extrema in
the large-time limit are &, < §. < 1 and, for instance, when the front position is at the location of
the (local) maximum, when M. < (L, MpR,) with Ly = L, = 2M 6. and R, = R; = 26./8,. We
introduce ¢; as the time at which the extrema are formed and #, the moment where the flow locally
reverses its direction at the surface to generate two additional counterrotating convective rolls as a
response of the formation of such extrema. The times #; and #, are numerically evaluated here with
one unit of uncertainty.

In Fig. 8(a), since the surface tension profiles are monotonic when ¢ < 5, with y4 < yp, a single
clockwise convective roll is observed and the surface flow is oriented towards the side of B so that
the surface horizontal velocity, ug(x, t) = u(x, z = L., t), is positive at the surface [see Fig. 8(b)],
on the spatial domain where the surface tension changes. When ¢ = 5 = ¢;, the profile becomes
nonmonotonic with two local extrema. The negative gradient of surface tension induces a stress at
the surface in the opposite direction and we find that (ug) becomes locally negative around (x =
10) at time (t = 21 = 1,) [see Fig. 8(b)], which we associate with the formation of two additional
counterrotating convective rolls. We deduce that there exists a time interval, Aty = t, — t;, here
equal to Atg = 16, between the formation of the extrema and the one of the additional convective
rolls. During this time interval, a single convective roll is noted (n = 1) on nonmonotonic surface
tension profiles with two extrema (m = 2), so that the relation, n = m + 1, is temporarily violated.
As time evolves, whent > t, = t; + Atg, the three convective rolls are formed and the latter relation
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FIG. 9. Plot of 1, t,, and Atg =1, — t; as a function of (a) the scale factor a, for (M,, M;,, M.) = a x
(30, 5,28), B = /2, 8, = 0.50, and 8, = 0.75 and (b) for the same set of model parameters as in (a) but for
a = 0.50 with 8, varying. [(c) and (d)] Minimum values of the gradient of surface tension (in absolute value)
after the formation of extrema at time # = #; + 5 and associated respectively to (a) and (b). By increasing a or
8., the minima of the gradients of surface tension grow are increased at the considered time, and ¢y, #,, and Afg
reduce in the considered range of numerical values.

is verified. Since (m + 1) is the maximum number of convective rolls that can be formed when the
profiles admit m extrema, we deduce that n < (m + 1), withn € N* and m € N, independently of
the model parameters, and for all times. As a particular case, when the nonmonotonic properties are
conserved in time, Atg =0andn=m + 1.

We note that Afg is a function of all the model parameters (see Fig. 9). To illustrate this, in
Fig. 9(a), we consider the same set of Marangoni numbers, (M,, My, M.) = a x (30,5, 28), and
change a in order to highlight the influence of all the Marangoni numbers on ¢, f,, and Ats. We
also keep the ratios between the Marangoni numbers and the other model parameters identical
as in Fig. 8, in order to maintain the transition from monotonic towards nonmonotonic surface
tension profiles (with two extrema) in the course of time. By increasing a, convection intensifies
with the surface tension gradients. Also, the gradients of surface tension evolve faster with time.
To demonstrate this, we have calculated the minima of such gradients (that are negative after the
formation of the two extrema) at a given time after t = ¢;. We note that the minima are increased (in
absolute value) with a [see Fig. 9(b)]. Hence, the time to form the extrema and for the flow to reverse
its direction at the surface reduces with a. Moreover, since ¢, decreases faster with a than #;, the time
interval Atg also reduces with a. We obtain the same qualitative effects when varying ., i.e., t1, f2,
and At decrease [see Fig. 9(b)], while the minimum (negative) gradient of surface tension grows
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(in absolute value) faster with time [Fig. 9(d)], as increasing values of . are considered. Note that
we have restricted the effects of . in the range §, < 8. < 1, so that the large-time surface tension
profiles still admit two extrema. Our results suggest a relation between Afg and the gradients of
surface tension and in particular, their temporal dynamics. Below, we provide an analytical analysis
of such a delay time, Afs.

To corroborate analytically the existence of such a time interval, Atg, we use the tangential
stress balance equation, Eq. (11), that can also be rewritten in the compact (dimensionless) form as
(Qu/dz) = dy /ox at z = L., and the continuity equation, Eq. (5).

To do so, we consider first the state of the system at time #{ = #; — dt, that is prior to the forma-
tion of extrema, where the surface tension gradient locally vanishes at x = x*, i.e., (3y/9x)|x = 0.
From Eq. (11), we deduce that (du/dz)|.« = 0 at z = L,;, which means that u does not depend
on z at x = x* close to the surface. Thus, us(x*, ;") = us- (x*, ¢;"), where we define us- (x*,#/") =
u(x*, L, — dz, t}). The solution for ug- must be consistent with the incompressibility (or continuity)
condition [Eq. (5)] that writes if we neglect the vertical component of the velocity field at x = x*
close to the surface, then (du/dx)|,» = 0, so that ug- is spatially homogenous around x*. Thus,
us- (x*, 1) = us- (x*, 1) = ug-(x7; , '), where xj = x* £dx. If the surface tension is globally
monotonically increasing at the considered time #{", then (dy /dx)|,x > 0, so that ug- (x, ) > 0,
and therefore, us(x*, t{") > 0. Hence, by continuity, we find that ug is positively defined at the
position where the gradient of surface tension locally vanishes due to the presence of the surrounding
flow.

Next, we seek to define the time for the flow at the surface to change direction once the
surface tension profile becomes nonmonotonic. To do so, at time #; = (¢ + dt), we consider
that the surface tension gradient becomes locally negative at the same position x = x*, i.e.,
(3y/9x)]x+(#1) < 0. Then, by definition, we find that 9,y [+ (f1) = 9xy [+ (#]) + 9, [0x¥ |x+1l1;dt and
us(x*, t1) = ug(x*, ;) + o us |;zdt, where we used the compact notations for the spatial and tem-
poral partial derivatives for clarity. Therefore, since 9,y |+(#]') = 0, we deduce that o,y | (t;) =
0r[0x Y |+ ]l t]*dt < 0, while the flow direction reverses at the surface, ug(x*, #;) < 0, only when dt >
Atlfﬁn = us(x*, 1)/ |8,u5|,]*|, with 3,u5|,1»« < 0, and where we have defined Atrflin as the minimum
time for the flow direction to be reversed. We recover that, if there is no flow prior to the formation
of extrema (us(x*, ¢{") = 0), then the flow changes direction as soon as the gradient of surface tension
locally changes sign (A3, = 0), as in the previous subsection where the (non)monotonic properties
of the surface tension profiles are constant. Otherwise [ug(x*, ;") > 0], there exists a minimum time
AtS. > 0, for the flow to reverse its direction, that depends on the intensity [us(x*,t]") > 0] and
dynamics (|8[u5|ll*|) of surface tension-driven flows at the spatial region along the surface where
the extrema form. Higher-order terms [to the order O(d t2)] in the expansions above are most likely
required for better quantitative insights. However, the analysis above which is only based on the
Marangoni boundary and continuity conditions already shows that there always exists a small but
nonzero time Af3, . due to nonzero ug, for the flow to locally reverse direction as a response to the
formation of an extremum in a given profile of surface tension.

Additionally, we found transient spatial and temporal oscillations of surface tension as a result of
the unique interplay of differential diffusion of chemical species and chemically driven Marangoni
convection [29]. We have explained such oscillations assuming same surface activity of species
A and B (i.e., M, =M = M,) and B > 1 so that yp < ya. The oscillatory dynamics can be
controlled when varying the model parameters that critically affect both the amplitude and duration
of such oscillations. In particular, together with the differential diffusion of fluxes of the three
chemical species, a necessary condition is that M exceeds a threshold value (typically M > 100
at fixed L, = 10) which indeed suggests an instability, even if there is no prescribed hydrodynamic
instability in the present context [40,41]. Such oscillations are accompanied by segregated reaction
zones that progressively form along the surface in the course of time. Such segregated reaction
zones increase the concentration of C at the surface reducing locally the surface tension and hence
triggering oscillations in the profiles of surface tension. The resulting structure of the flow is
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FIG. 10. (a) Horizontal component of the fluid velocity field taken at the position along x (xp.x) Where it
reaches its maximum absolute value, noted u(Xy.x, Z, 1), as a function of the renormalized height, z/L,, at time
t =50 when (M,, M,, M) = (20, 5, 20), (8, 8.) = (0.50,0.75) and B = V2. (b) Corresponding values of the
maximum velocity um,x, Which is positive and always located at the surface, as a function of the layer thickness
for the same values of the parameters. We note that the minimum and maximum values of u along z are close
to, z = L,;/3 and z = L,, respectively, while the flow changes direction around z = 2L, /3. At the surface, um,x
increases with L,.

generically formed by one main convective roll with multiple vortices in the bulk all rotating in
the same direction. For instance, when yg < y4 and for four local extrema (two local minima and
two local maxima), this can give schematically a pattern along x (assuming similar size between

rolls) as OOOX [29]. As detailed above, as a response to the formation of each extremum, the

flow might reverse locally direction and gives a spatial distribution with a theoretical maximum of
(n + 1) counterclockwise rolls in the bulk phase. However, due to quick damping of the oscillatory
dynamics, the structure observed is typically the one schematically drawn above. This suggests that
sustained oscillations require an additional coupling or competition with distinct forces, e.g., with
buoyant or external forces, to sustain a feedback loop [35]. We note that such results also hold in
the Stokes regime (by neglecting inertia). We refer the reader to Tiani et al. [29] for more details.

In the large-time limit, the gradients of surface tension decrease with time (in absolute value).
Based on the large-time RD asymptotic analysis, we expect scalings with time as (3y /9x) ~ 1/4/t
asymptotically at each spatial location along the air-liquid interface. Numerically, in the large-time
limit, we always find 5 to be negative at spatial positions where the gradients of surface tension are
negative independently of the magnitude of such a gradient (even if infinitely small). This means
that negative gradients of surface tension always drive counterrotating convective rolls if they persist
in the large-time limit which suggests that there is no, in the formal sense, minimum values for
gradients of surface tension (in absolute value) required for the onset of convective rolls.

D. Influence of the layer thickness on chemically driven Marangoni flows

Above, we have analyzed the surface tension and fluid flow dynamics at a fixed value of the
layer thickness (L, = 10). Here, we detail the influence of the layer thickness on the structure of the
corresponding chemically driven Marangoni flows for arbitrary diffusion coefficients.

Figure 10(a) shows the horizontal component of the fluid flow across the layer as a function of the
renormalized height for different values of L, and taken at the position along x (noted xp,x) Where
u reaches its maximum absolute value. The maximum and minimum values of u are located along
z, respectively, at the surface and at approximately z = L,/3, while the flow changes its direction
around z = 2L, /3. We note that those solutions are typical for a Marangoni-driven parallel flow
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FIG. 11. Surface tension profiles at different times when (M,, M,, M.) = (20,5,20), (8, 5.) =
(0.50,0.75), and B8 = /2 for (a) L, =1 and (b) L, = 10. (c) Profiles of the horizontal component of the fluid
velocity field at the surface, u¥ = u(x, z = L., t), for the same set of parameters as in (b). At the considered
times, surface tension profiles are nonmonotonic with two extrema in (b), so that the corresponding sign of ug
becomes locally negative around x = 38 at time r = 15.

which highlights the fact that around x = xp,«x the flow can be assumed to be quasiparallel at the
time considered [41]. Any deviation from the exact structure of a parallel flow is related to the
vertical component of the fluid velocity field that is dominant near the edges of the convective rolls.
Moreover, we note that the maximum of u, up,s, which is always located at the surface, increases
with L, [sublinearly, see Fig. 10(b)], which we attribute to the decrease of the influence of the no-slip
boundary condition at the bottom.

For equal diffusion coefficients of all species and equal initial concentrations of reactants, we
have already seen that the time evolution of the monotonic properties of the surface tension profiles
is independent of the intensity of convection, and in particular of the value of the layer thickness.
However, when the species diffuse at different rates, such monotonic properties can evolve in
time differently depending on L, (see Fig. 11). For a relatively small layer thickness (L, = 1), the
surface tension profiles are monotonic for all times as predicted by the RD analysis [see Fig. 11(a)].
When L, is increased, the surface tension profiles change shape in the course of time and become
nonmonotonic with two extrema [see Fig. 11(b)], leading to the local change of direction of the
flow at the surface [see Fig. 11(c), where ug = u(x, z = L., t) becomes locally negative around
x = 38 at time ¢ = 15], which translates to the formation of two counterrotating convective rolls
beside the main convective roll of stronger intensity. Thus, we can conclude that, increasing all the
Marangoni numbers by the same factor at fixed layer thickness or increasing the layer thickness at
fixed Marangoni numbers when differential diffusion effects are at play, generically lead to more
complex temporal dynamics of surface tension profiles and of the fluid flows. In the large-time limit,
we recall that the monotonic properties of such profiles are driven by RD processes as described
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in Fig. 2 and in particular here, such profiles are monotonic independently of L, driving a single
asymptotic convective roll in the system.

V. DISCUSSION AND CONCLUSIONS

When miscible aqueous solutions of A and B, that are initially separated, are brought into contact,
a reaction front producing species C is formed. When the system is open to the air, Marangoni
convection can be induced at the air-liquid interface as soon as A, B, and C affect differently the
surface tension of the solution. The dynamics of the front and of the fluid are then driven by reaction-
diffusion-Marangoni convection processes.

In the absence of convection, we have first calculated analytically the RD surface tension profiles
in the large-time asymptotic limit. We found a total number of 62 different shapes for the surface
tension profiles (where y4 # yp) with a maximum number of four extrema for arbitrary diffusion
coefficients ratios (85, 8.) and initial concentrations of reactants ratio (8). In comparison, only 6 of
them can be obtained in the nonreactive scenario or for equal diffusion coefficients ratios (8, = 1 =
8.) with arbitrary initial concentrations of reactants. Based on the large-time asymptotic analysis,
we have classified the related surface tension profiles as a function of the number of extrema.

Next, by numerically integrating the incompressible Navier-Stokes equations coupled to RDC
equations for the three chemical species, the RDC surface tension profiles have been reconstructed
and compared with the RD solutions. When all the species diffuse at the same rate, the monotonic
properties of the surface tension profiles are as predicted by the RD analysis. However, when the
species diffuse at different rates, the interplay of convection and differential diffusion effects can
involve more complex spatiotemporal dynamics of such profiles following the RD predictions only
in the long-time limit. In particular, by increasing L, or all the Marangoni numbers by a scale factor,
the multiplicity of extrema and the number of convective rolls can be enlarged. For sufficiently large
times, the fluid flow weakens and eventually, the monotonic properties of the large-time asymptotic
RD profiles are always recovered.

We next investigated the structure of the reactive flows. The relative size and strength of the
rolls are related to the symmetry properties of surface tension and to the magnitude of the gradients
along the air-liquid interface, respectively. The flows tend to be oriented towards the largest surface
tension zone, even though the velocity field does not necessarily vanish at the extremum position.
Additionally, we showed that the number of convective rolls cannot always be deduced from the
profiles of surface tension. The time evolution of surface tension is controlled by the reaction-
diffusion and hydrodynamic timescales, and hence there is a response time for the formation of
additional rolls as a response to a perturbation in the profiles of surface tension. Quite generally, we
deduce that the number of convective rolls cannot exceed the number of extrema + 1, n < m+ 1,
where m € Ny and n € N7 are the numbers of extrema in the (nonflat) surface tension profiles and
of counterrotating convective rolls, respectively. We could recover the expression of a minimal time
for a flow to reverse direction and hence, to form new convective structures, analytically from the
continuity and Marangoni boundary conditions.

To analyze the Marangoni flow patterns, we have systematically considered the related surface
tension profiles. We expect this methodology not to be restricted to the study of chemical processes
but to also apply to the analysis of any physical process that involves spatial variations of surface
tension at nondeformable air-liquid interfaces. For instance, when using a laser light, the temper-
ature of a solution open to the air locally increases at the position of the beam spot which lowers
the surface tension at that position leading to the so-called light-induced Marangoni flows [42,43].
When the position of the beam spot is fixed for all times, then the profiles of surface tension admit
a single extremum (m = 1) leading to the formation of two convective rolls (n = 2) (cf. Sec. IV B).
However, if the beam spot changes location on the interface as time evolves, then the monotonic
properties of such profiles may evolve in time and we predict that n < m + 1, with a maximum
number of m + 1 rolls with different orientations in solution (cf. Sec. IV C). Hence, in general, the
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structure of interfacial flows and related bulk vortices at a given time is not always predictable solely
from the surface tension profile measured at the same time.

Several extensions of this work could be envisioned. First, based on the spatiotemporal dynamics
of surface tension and of the chemically driven flows as detailed here, it could be of interest to focus
on the dynamical properties of the reaction front for arbitrary diffusion coefficients that are expected
to be more complex and richer than reported for 6, = 1 = . and arbitrary initial concentrations of
reactants [20]. Next, we could compare and/or couple Marangoni with buoyancy-driven convection
or with thermal effects to extend our results to a larger range of experimental conditions [44].
Also, since the aqueous solutions are assumed chemically ideal, we expect unique spatiotemporal
dynamics to emerge when chemical nonideality effects resulting from the solute-solute and solute-
solvent intermolecular interactions are coupled with differential diffusion effects in the presence of
chemically driven Marangoni flows. Finally, this work might also be the starting point of further
studies of Marangoni convection in active droplets [45,46].
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APPENDIX: ANALYTICAL RD SURFACE TENSION PROFILES IN THE LARGE-TIME
ASYMPTOTIC LIMIT

The large-time RD asymptotic solutions of reactants A and B and of the product C are as follows:

g ereom et erfe(=n//5) Al

Cerfe(—a)’ ¢ erfe(—a/v/80)
E 1 erfe(n//8,)  ®  erfe(n/v/5c)

eretn/vop) - ¢ _ ereln/voe) A2
B et/ m) 6 ertela/ VB A
with a® = 0 = b". In Egs. (A1) and (A2), 5 denotes the similarity variable defined as
== (A3)
1= 5

and o = xy/ 2./t, where x + is the position of the front. If @ = 0, then the front is stationary at the
position of the initial vertical interface between the A and B solutions while when o > 0 (< 0), the
front moves to the right (left). The notations “L” and “R” significate the left solutions (defined on
the left-hand side of the reaction front, n < «) and right solutions (defined on the right-hand side of
the reaction front, n > «), respectively. The constant ¢ reads

_ 2260 erfc(o //8c)erfc(—a/+/3.)

A4
¢ 2./8.erfe(—a) (Aad

and « is solved by the equation
e’ ' =D erfe(a/y/8,) = B/Sperfe(—a). (AS)

044002-18



DIFFERENTIAL DIFFUSION EFFECTS ON THE ...

From Eq. (A5), we note that the well-known large-time asymptotic motion of the front is
recovered such that the front is stationary (o = 0) when ag/D, = bo~/Dy, and moves to the right
(o > 0) when ag~/D, > bo~/Dy, and vice versa.

Based on these large-time asymptotic RD solutions, one can reconstruct the surface tension from
Eq. (13) as y* = —M,a* — M c* and y® = —M,b® — M_cR, i.e., along with Egs. (A1) and (A2),
we find the following:

L_ _ erfc(—n) B erfc(—n//6¢)
vo= Ma|:1 erfc(—a):| M erfc(—a//8.)’ (46)
R_ _erfe(n/v/8) | erfe(n//dc)
vi=—Mp [1 erfc(a/@)] M. erfe(a//5.) (A7)

The monotonic properties of surface tension profiles are then analyzed through the derivative,
dy /dn, that writes on both sides of the reaction front as

dyt  2Me™" DM, e /% A8
dn — Jmerfe(—a)  Jaserfe(—a//8.)
dy®  2Mype 2M pe "/ (A9)

dn — Jmoperfc(a//5) - Vrdeerfe(a//8.)

From Egs. (A8) and (A9), the large-time RD surface tension profiles can be reconstructed on
both sides of the reaction front, while the global surface tension profiles are obtained by imposing
that surface tension is continuous at the front position.

1. Surface tension profiles on the left-hand side of the reaction front ( < o)

We start with the left-hand side of the reaction front, i.e., when < «. The condition to find local
extrema in the surface tension profiles is then dy’/dn = 0. From Egs. (A4) and (A8), we find that
such extrema may occur at > = E;, where

E = 2 1o Me (A10)
Lo s \L )
with §. # 1, and
. 2M,8,
Ly = L% where [ = ——%°¢ (Al1)
erfe(a/v/5c)

We can distinguish the different possible roots in 7, that solve Eq. (A10) depending on the sign
of «, i.e., as a function of the direction of front propagation.

We consider first @ > 0, when the front travels to the right (x; > 0). Hence, when 0 < E; < a?,
two roots satisfy dy*/dn = 0. However, when E; > a, one root needs to be rejected since n < a.
Hence, one root satisfy dyL /dn =0 when E; > a2 Similarly, when E; < a2, no roots satisfy
dy*/dn = 0.

The curves that delimitate the different roots are then E; = 0 and E; = «? or, equivalently, using
Eq. (A10), M. = Ly and M, = L,, respectively. We note that the curves L; and L, cross at the point
Sc = 1 where M, = 2M, /erfc().

Next, we follow the same approach for @ = 0, when the front position is at the origin (x; = 0).
Then, one roots exits when E; > 0 and no roots when E; < 0. From Eq. (A10) with « = 0, the
condition E; > 0 implies that (2M 6. — M.)(6. — 1) > 0 and, thus, the delimiting lines are §, = 1
and M. = 2M 6.

Eventually, if & < 0, then the front travels to the left-hand side (x; < 0). Then, there is one
root when E; > o and no roots when E; < a®. The two cases are delimitated by E; = «? or,
equivalently, using Eq. (A10), M, = L,.
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FIG. 12. Classification of the large-time asymptotic RD surface tension profiles on the left-hand side of
the reaction front, i.e., when n < «. The direction of the reaction front is (a) to the right, i.e., « > 0 and
(b) stationary (o = 0) or to the left (¢ < 0). Some letters, (I);, (II);, and (III);, are added so that we can refer

to the corresponding profiles in the text of this Appendix 3.

Based on those considerations, the large-time asymptotic surface tension profiles on the left-hand
side of the reaction front can be drawn [see Figs. 12(a) and 12(b) for @ > 0 and @ < 0, respectively].
Those surface tension profiles can physically be understood if we consider some limits [12].
Suppose first §. < 1; C diffuses towards the reactant side faster than A diffuses towards the location
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of the reaction zone where C is produced. Hence, the surface tension locally increases from the
reactant side since the diffusion of A has not been compensated by diffusion of C. On the contrary,
if §, > 1, then C diffuses faster than A, and surface tension locally decreases from the reactant side.
In the large-M, limit, species C produced in the reaction front affect the solution surface tension so
strongly that it leads to a minimum in the surface tension at the location of the reaction front. Finally,
two extrema are observed in the intermediate values of M. when o > 0, i.e., when the front travels
to the right when ag~/D, > bo~/D; [Eq. (A5)]. When the front travels in the opposite direction,
bo~/Dy > ag~/Dy, the larger flux of B towards the reaction zone prevents the formation of such
extrema and only four profiles (instead of six) are found.

2. Surface tension profiles on the right-hand side of the reaction front (y > «)

Next, we analyze the right-hand side of the reaction front, i.e., when n > «. The lines naturally
follow the ones of the left-hand side. From Eq. (A9), the condition dy®/dn = 0 provides at most
two extrema for 7 that may emerge at n> = Eg, where, with Eq. (A4),

8.8y . [ MyR,
Ex = In , (A12)
S —& \ M.

with §. # &5, and
26,
Sperfe(—a/+/8e)

Similarly to the left case, we separate the solutions depending on the direction of front propagation,
that is, on the sign of .

When a < 0 (xy < 0), two roots satisfy dyR/dn =0 when 0 < Eg < o2. When Eg > o2, one
root must be rejected since 1 > « and only one root satisfies dy® /dn = 0. Similarly, no roots exist
when Er < 0. The solutions are then divided by the lines Ex = 0 and Eg = «? or, equivalently,
using Eq. (A12), Ry = M./M} and R, = M_./M,, respectively. We note that those two curves meet
at the point 8, = 8, with M, /M, = 2/erfc(—a/+/5.).

When o = 0 (x; = 0), there are two possibilities: Ez < 0 (no roots) and Eg > 0 (1 root). From
Eq. (A12), the condition Ex > 0 with « = 0 implies the condition, (25.M; — 8,M.)(8. — ) > 0,
and thus the delimiting lines are §, = 6, and M, = 26.M},/5p,.

Finally, for o > 0 (x; > 0), there are also two possibilities: Ex > a? (one root) and Ex < o (no
roots). Hence, the two solutions are divided by the line, E; = o,

The large-time asymptotic surface tension profiles on the right-hand side of the reaction front are
drawn in Fig. 13.

Some of those profiles have similarly a simple physical interpretation [12]. When §,/6. > 1, i.e.,
when the reactant B diffuses faster than the product C, the surface tension increases from the reactant
side because of the larger diffusion rate of B is not balanced by C. As the contribution of C to the
surface tension becomes more important (i.e., when M, /M. decreases), the surface tension measured
at n = o decreases. A maximum can then develop. Similarly, in the opposite case, when 8,/6, > 1,
the surface tension locally decreases from the side of B and as M; /M, increases, a minimum can
appear. Finally, two extrema can form due to differential diffusion effects between A and B when
a < 0 and for intermediate values of M./M,. This gives a total of six profiles instead of four for
o < 0and o > 0, respectively.

Ry = Rye® @' =5 Wwhere Ry = (A13)

3. Global surface tension profiles

From the left and right surface tension profiles, one can finally reconstruct the global surface
tension profiles with the condition that, at the position of the front (n = «), the surface tension
is continuous so that y*(n = a) = y®(n = «). Instead of classifying the global surface tension
profiles as a function of the front direction (i.e., as a function of the sign of «), we classify them as
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FIG. 13. Classification of the large-time asymptotic RD surface tension profiles on the right-hand side of
the reaction front, i.e., when 1 > «. The direction of the reaction front is (a) stationary (¢ = 0) or to the right
(¢ > 0) and (b) to the left, i.e., @ < 0. Some letters, (I)g, (Il)g, and (III)g, are added so that we can refer to the

corresponding profiles in the text of this Appendix 3.

a function of the number of extrema, which is more helpful for the analysis of the fluid dynamics

(cf. Sec. IV).

For instance, let us assume that we seek to find the conditions on the model parameters to obtain
one extremum (a global maximum) located on the right-hand side of the front position in the large-
time surface tension profile. A straightforward condition on M, and M}, is readily obtained from the
initial condition of the relative importance between the solution surface tension of B (yp) to the one
of A (y4). If we take yp > 4, then M8 < M,. Next, the left-side (Fig. 12) and right-side profiles
(Fig. 13) have to be combined in such a way to obtain such a global maximum at the specified
location. The combinations are (see Figs. 12 and 13) (I); with (Il)g if « > 0, (II); with (II); when
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a = 0, and (IIT); with (II); if @ < 0. Thus, the combinations depend on the sign of «, i.e., on the
direction of the front propagation, and so are the conditions on M.. To simplify the classification, we
further determine the sufficient conditions on M., to obtain a given number of extrema valid for all the
values of o, whenever possible. In the case just illustrated with a global maximum, such conditions
are written (from Figs. 12 and 13) as follows: MR, < M, < L (if ¢ > 0), MR, < M. < L, (when
o =0), and MR, < M. < L, (if o < 0). Thus, since L; < L,, the conditions on M, simplify to a
single one, valid for all the values of &: MR, < M, < L;. Eventually, the conditions on the diffusion
coefficients are readily obtained to be §, < 1 and 8. < &, (see Figs. 12 and 13), that we reduce with
the simpler notation, . < (1, 8). This gives the general classification in Fig. 2 of the main text.
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