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microchannels with conductive fibers and found that a critical
radius was required for propagation due to heat losses.
Extending this work, Goli et al.50 analyzed FP of
dicyclopentadiene (DCPD) in rectangular channels and
showed that strong heat losses could quench fronts unless a
minimum channel height is maintained. Bansal et al.51

conducted experiments of FP to form thin polymer films on
wood, demonstrating that polymerization could occur if the
monomer-initiator mixture layer exceeded a critical thickness
and viscosity. Tiani et al.52 further showed, through analytical
and numerical 2D analyses, that a minimum layer thickness is
required for front propagation and that above a critical
threshold, fronts persist regardless of heat loss intensity. More
recently, Shan et al.53 compared rectangular and trapezoidal
geometries, demonstrating that the opening angle of the
propagation path, whether diverging (expanding) or converg-
ing (narrowing) strongly influences both front velocity and
instability wavelength, underscoring the role of spatial design
in FP dynamics and pattern formation.

A stable front corresponds to a regime in which the reaction
front propagates at a constant speed with a steady temperature
profile. Deviations from this steady propagation give rise to
thermochemical instabilities, which can lead to periodic or
irregular spatiotemporal patterns. In rectilinear geometry,
thermochemical instabilities typically manifest in the form of
pulsations, oscillations, or chaotic-like dynamics and have a
critical impact on both front behavior and the resulting
material properties.54 On one hand, uncontrolled instabilities
can lead to poor mechanical performance; on the other hand,
when carefully harnessed, they can be exploited to produce
periodic structures and patterns with potential functional
applications. The onset and nature of these instabilities depend
sensitively on thermal boundary conditions. Under adiabatic
conditions, where heat is largely retained in the reaction
medium, instabilities typically arise from the nonlinear
interplay between exothermic heat release and the Arrhenius
kinetics of the reaction.55 In contrast, under nonadiabatic
conditions, where significant heat is lost to the surroundings,
the balance between heat generation, and dissipation can
produce complex spatiotemporal behaviors. Thus, thermal
instabilities in FP represent both a challenge for material
uniformity and an opportunity for controlled pattern
formation. Hydrodynamic effects might also play a crucial
role, even in horizontally oriented setups,56 and induce new
patterns such as two-head spin modes and fingers57,58 driven
by hydrodynamic current (Marangoni and/or buoyancy flows).

Despite extensive research on FP, most studies have
primarily focused on front initiation, sustained propagation,
and stability thresholds within 1D models. Numerical analyses
have examined how variations in heat loss and decomposition
rates influence front initiation,45 while others have investigated
FP-driven instabilities in DCPD and composite systems,
proposing phase diagrams that distinguish between stable,
unstable, and quenched regimes.48 However, these inves-
tigations generally remain restricted to narrow parameter
spaces and do not capture the sequence or nature of instability
transitions.

Building on these earlier approaches, our study extends the
analysis of FP to 2D systems under nonadiabatic conditions.
Our results qualitatively align with earlier 1D findings, which
mapped stable, unstable, and quenched limits, and with 2D
analyses by Tiani et al.,52 which showed the influence of heat
losses and layer thickness on front survival. We extend these

works by systematically categorizing instability types, revealing
hierarchical transitions between regimes. We demonstrate that
a restabilization pathway under nonadiabatic conditions is
observed when increasing heat losses and is not limited to a
single case but persists across different parameter sets, making
it a general feature of 2D FP dynamics.

The paper is organized as follows. Section 2 presents the
mathematical model governing FRFP in 2D. Section 3.1
reviews key results from the literature obtained in the 1D limit.
Section 3.2 then extends the analysis to 2D, examining how
front dynamics respond to variations in initial temperature,
heat losses, and initiator decomposition rate. These findings
are synthesized in Section 3.3, which presents phase diagrams
delineating the different propagation regimes. Finally, Section
3.4 explores how vertical confinement, through variations in
layer thickness, influences the observed dynamics.

2. MATHEMATICAL MODEL OF FREE-RADICAL
FRONTAL POLYMERIZATION

Free-radical frontal polymerization (FRFP) models were first
introduced by Goldfeder et al.36 and further developed by
Spade and Volpert.43 In a typical FRFP experiment, a cold
monomer−initiator mixture is heated at one boundary,
triggering an exothermic reaction that converts the cold
mixture into a hot polymer. As the reaction progresses, a
spatially localized reaction zone, known as the polymerization
front, propagates through the system. We will consider a 2D
model of length Lx and heigth Lz, as illustrated in Figure 1.

A standard approach to modeling FRFP is based on a three-
variable model, in which the governing equations are the
kinetic equations of the initiator I(x, z, t), and monomer M(x,
z, t) concentrations, coupled to the heat reaction-diffusion
equation for the temperature T(x, z, t).36,42,43,45 Such a model
reads,

=

=

=
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Here, ρ0, Cp, λ, and ΔH (negative for an exothermic
reaction) are assumed constant and represent the density,
specific heat capacity, thermal conductivity, and reaction
enthalpy per mole of monomer, respectively. The rate
constants kj(T), j = d, eff follow Arrhenius laws. The effective
rate constant keff(T) is defined as

Figure 1. Schematic representation of frontal polymerization. A
localized heat source initiates the reaction at the left boundary.
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with an effective activation energy defined as

= +E E E E
1
2

( )d t peff

where Eα=d,p,t are respectively the activation energies of the
decomposition, propagation, and termination reactions.

In the model, mass transport of chemical species is assumed
negligible compared to heat diffusion, and the mixture is taken
to be sufficiently viscous to suppress any convective
effects.35,51,52

The system is subject to the following initial conditions:

= = =I x z I M x z M T x z T( , , 0) , ( , , 0) , ( , , 0)0 0 0

(2)

where I0, M0 represent the initial concentrations of the initiator
and monomer in the mixture, and T0 the initial temperature of
the system.

A fixed temperature boundary condition is applied at the left
boundary to initiate the polymerization front, while convective
heat exchange occurs with the surroundings from the top
surface of the system, arbitrarily chosen as the only boundary
where thermal losses are allowed. The bottom and right
boundaries are considered thermally insulated. Thus, the
boundary conditions are the following:
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Here h is the convective heat transfer coefficient and
quantifies the rate at which heat is transferred from the surface
to its surroundings. We note that the domain length Lx is
chosen sufficiently large so that the boundary condition at x =
Lx does not influence the front dynamics.

This theoretical framework is generally relevant to free-
radical frontal polymerization of acrylates and related
compounds, commonly initiated using peroxide or nitrile
initiators.3,36,45,51

To ease numerical analysis, we introduce nondimensional
variables as described by Heifetz et al.45 These include the
following nondimensional parameters: the initiator decom-
position rate D, the decomposition activation energy r, the
inverse of the effective activation energy βs, and the
dimensionless inverse of the reaction enthalpy δ, defined as
follows:
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thermal diffusivity.

The dimensionless variables are the initiator concentration J,
the degree of conversion Ψ (from 0 for the pure monomer to 1
for the pure polymer), and the dimensionless temperature θ
expressed as follows:
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The corresponding dimensionless form of the FRFP
equations is given by
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The corresponding initial and boundary conditions are,
respectively,
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where Bi = hLc/λ is the Biot number, representing the
dimensionless heat loss coefficient, which quantifies the rate of
heat loss from the surface to the surroundings.

The polymerization reaction rate is given by
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To analyze the dynamics of the polymerization front, we
numerically integrate eqs 4−6 with the defined initial and
boundary conditions using the fourth-order Runge−Kutta
method combined with finite difference techniques for
temporal and spatial discretization. The typical spatial steps
are dx = 0.1, dz = 0.125, and the time step is dt = 10−4.
Throughout this work, unless otherwise specified, the
decomposition activation energy, the inverse activation energy,
and the dimensionless inverse reaction enthalpy are fixed at r =
2, βs = 0.09, and δ = 0.05, respectively. In contrast, the heat
loss rate Bi, the initiator decomposition rate D, and the initial
temperature θ0 are varied to explore their effects on the front
dynamics. The values of all parameters are chosen to align with
typical experimental data.45,59
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3. RESULTS AND DISCUSSION

3.1. Frontal Polymerization Dynamics in the
One-Dimensional Limit

As mentioned previously, FP has been extensively studied with
1D reaction-diffusion models. The corresponding nondimen-
sional equations governing the dynamics are
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(7)

The 1D model is structurally similar to the 2D one, with the
key distinction being the treatment of heat loss. In the 1D
system, heat dissipation is incorporated by means of an
effective heat loss coefficient α in the heat equation, whereas
the 2D formulation accounts for explicit heat losses through
the top boundary. The 1D formulation can be recovered by
depth-averaging the 2D model in the limit of thin layers (Lz →
0), with α = Bi/Lz.52

The temperature profiles shown in Figure 2 illustrate the
transition from stable to quenched fronts as the effective heat
loss coefficient α increases. In the absence of heat loss (α = 0),
a planar front propagates steadily. As α increases, the
temperature behind the front decreases, causing the front to
slow down and eventually quench above a critical value of the
heat loss coefficient. These observations recover the numerical
results of Heifetz et al.,45 who reported that there is a critical
threshold of effective heat loss coefficient α above which the
front extinguishes.

Figure 3 presents the degree of conversion ψ(x) at a fixed
time for various effective heat loss coefficients. These results
emphasize the sensitivity of the front dynamics to thermal
dissipation.

We note that after applying the heat source necessary to
initiate the front, a finite time is required for heat to
accumulate before a well-defined polymerization front can
form. During this initiation stage, the system either builds up
sufficient energy to sustain a propagating front or fails to do so
and quenches.

As α increases, we observe that the system transitions from
stable propagation (α = 0) to unstable oscillations (0.05 < α <
0.1) and finally to quenching (α ≥ 0.1). This progression
illustrates the essential role of heat dissipation in sustaining

front propagation. The general trend of regime transitions in
1D systems with increasing effective heat loss coefficient α can
thus be summarized as

Stable Unstable Quenched (8)

Beyond α, other parameters also shape the front dynamics.
Table 1 summarizes their qualitative influence on front velocity

in a 1D setting. A plus sign indicates that increasing the
parameter increases the corresponding variable, while a minus
sign indicates a decrease.

As explored above, as heat loss (α) increases, more of the
heat released by the reaction is dissipated, slowing the front
and potentially causing quenching. A higher initial temperature
(θ0) enhances the temperature rise from the reaction,
promoting faster front propagation. If the initiator decom-
position rate (D) is too high, radicals are consumed
prematurely, suppressing polymerization. The enthalpy param-
eter (δ) reflects heat release: lower values favor propagation
through stronger exothermicity, while higher values weaken it.
The decomposition activation energy (r) has a dual effect:

Figure 2. Temperature profiles θ(x, t) in the 1D limit for different effective heat loss coefficients α with D = 2 and θ0 = −7.

Figure 3. Degree of conversion ψ(x) in the 1D limit at t = 50 for
different effective heat loss coefficients α with D = 2 and θ0 = −7.

Table 1. Qualitative Parameter Effects on the Propagation
Speed of 1D Polymerization Fronts

parameters definitions V

α −
θ0 (T0 − Ts)/βsTs +
D k T k T I( ) / (2 ( ) )d s seff 0

−

δ RTs
2/(qM0Eeff) −

r Ed/Eeff ±
βs RTs/Eeff −
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moderate values (r < 2) accelerate the reaction and heat
release, thereby sustaining the front, whereas higher values (r
≥ 2) slows down the reaction. Increasing the effective
activation energy (βs) decreases polymerization rate, diminish-
ing heat release and leading to extinction. Overall, θ0 acts as a
stabilizing factor (increases V), while α, D, δ, r, and βs play a
destabilizing role by reducing front velocity and promoting
extinction. This classification recovers prior findings by Tiani
et al.52 for a fixed set of parameters. By exploring multiple
parameter sets, we demonstrate that the stabilizing-destabiliz-
ing distinction of these parameters is not restricted to a single
configuration but represents a general feature of 1D FP
dynamics.

We now return to the full 2D model to investigate how these
behaviors manifest in extended geometries, explicitly account-
ing for heat losses through the boundary and not with an
effective parameter α.
3.2. Frontal Polymerization in Two Dimensions

While the 1D model provides valuable insights into the
fundamental mechanisms governing FP, additional complex-
ities arise in 2D. In this section, we extend our analysis to the
2D model and investigate the dynamics of the polymerization
front under both adiabatic and nonadiabatic conditions.
Polymerization is initiated in a rectangular channel of thickness
Lz = 5, initially filled with a monomer-initiator mixture at a
temperature θ0 = −7. The initiator decomposes with a rate
constant D = 2, and heat loss to the surroundings is controlled
by varying the Biot number Bi, with values Bi = [0, 0.2, 0.55].

Figure 4 illustrates the evolution of the temperature profile
θ(x, z, t) and the reaction rate R(x, z, t) at time t = 30 for three
different values of the heat loss coefficient Bi. In the adiabatic
case (Bi = 0), we observe a planar front, separating the hot
polymerized region (in red) from the unreacted, colder
monomer-initiator mixture (in blue). The maximum temper-
ature and reaction rate are reached inside the reaction zone.
When moderate heat loss is introduced (Bi = 0.2), the front
remains stable (travels at constant speed), with a decrease in
temperature near the surface, where heat losses are more
pronounced. For higher heat losses (Bi = 0.55), the front
strongly deviates from its planar structure and develops a
curved profile. This results from the asymmetric thermal
boundary conditions, which break translational symmetry
invariance in the z-direction.

To further explore the behavior of the front, we now
examine the onset of thermal instabilities in 2D FP. To

illustrate such instabilities, we focus on how variations in the
Biot number (Bi) and the initial temperature (θ0) influence
front dynamics for different initiator decomposition rates (D),
as we have observed that the system is most sensitive to
variations in these parameters. Therefore, they play a critical
role in shaping the dynamical regimes of the front.
3.2.1. Influence of Initial Temperature. We begin by

examining how the initial temperature of the system influences
front dynamics in the thermally unstable regime. The initial
temperature is varied from θ0 = −10 to θ0 = −5, while keeping
the Biot number fixed at Bi = 0.5. To track the onset and
evolution of instabilities, we compute the maximum temper-
ature at the bottom boundary of the system θmax,bot over time.
Heat losses are imposed at the top surface, which limits
temperature rise there. As a result, heat tends to accumulate
toward the bottom, making it the region where temperature
variations and thus instability effects are more pronounced.

As shown in Figure 5, the front exhibits distinct dynamical
regimes depending on the initial temperature. At lower initial

temperatures, the front is unstable (or quenched for θ0 ≤
−7.2) and displays oscillatory behavior characterized by single-
period oscillations. As the initial temperature θ0 increases
(from bottom to top in Figure 5), the front stabilizes, with
oscillations diminishing and a transition to steady propagation.
This observation illustrates the stabilizing effect of higher initial
temperatures on the thermal front.

Notably, front ignition only occurs when the initial
temperature θ0 ≥ −7.1. Below this threshold, the system fails
to sustain a propagating front and quenches. The instability
regime lies within the interval −7.1 ≤ θ0 < −6.3, where the

Figure 4. Temperature field θ(x, z) and reaction rate R(x, z) at t = 30 for D = 2, and θ0 = −7, illustrating front stability and heat loss effects for
different Biot numbers: (a) Rmax = 0.63, θmax = 0.61; (b) Rmax = 0.57, θmax = 0.51; (c) Rmax = 0.46, θmax = 0.28.

Figure 5. Time series of the maximum bottom boundary temperature
θmax,bot for various initial temperatures θ0, for D = 2, Bi = 0.5, Lz = 5.
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system exhibits periodic oscillations and stabilizes when θ0 ≥
−6.3. To quantify these effects, we extract the front
propagation speed V and the amplitude Δθmax,bot (defined at
z = 0) and period τ of the oscillations in the range of
parameters of Figure 5 (see Figure 6a,b). We note that the
propagation speed increases with the initial temperature θ0. We
also observe that both the oscillation amplitude and period
decrease as θ0 increases, reflecting a stabilization of the front
dynamics at higher initial temperatures.

In 1D scenarios, increasing the initial temperature is known
to accelerate front propagation.45 In 2D, however, heat losses
only occur through the top boundary and, as a result fronts
that would extinguish in one dimension at low initial

temperatures can continue to propagate in 2D. This effect is
illustrated by comparing the 1D case where the effective heat
coefficient α = 0.1, shown in Figure 3, with its 2D counterpart.
Using the relation α = Bi/Lz, the value α = 0.1 corresponds to
Bi = 0.5 and Lz = 5. For D = 2 and θ0 = −7, the 1D case
exhibits front quenching, whereas the corresponding 2D case,
presented in Figure 5, displays sustained front propagation.
This comparison indicates that the presence of the second
spatial dimension enhances front propagation.

We next consider a second case in which the initiator
decomposes at a lower rate, D = 0.5 (meaning more monomers
are converted before initiator depletion) with a reduced heat
loss coefficient Bi = 0.17. As shown in Figure 7, the front

Figure 6. (a) Front propagation speed V and (b) oscillation period τ and amplitude Δθmax,bot as functions of initial temperature θ0, for D = 2, Bi =
0.5, Lz = 5.

Figure 7. Time series of the maximum bottom boundary temperature for various initial temperatures, for D = 0.5, Bi = 0.17, Lz = 5.
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propagates even for colder initial conditions, and a richer set of
dynamical behaviors emerges. At lower initial temperatures,
the system displays not only single-period oscillations but also
double-period and even chaotic-like dynamics. Interestingly,
the ignition threshold is shifted, enabling propagation in colder
systems. As illustrated in Figure 8a,b, despite the emergence of
these additional oscillatory dynamics, the front speed and
amplitude/period of oscillations behave similarly to those in
the previous case, indicating that instabilities do not affect their
overall behavior. In the double-period regime, the periodicity is
computed as the median time difference between two
consecutive minima of the same type (deep-to-deep or
shallow-to-shallow), since the full waveform repeats only
after two successive oscillations.

For larger values of initiator decomposition rate D, a
propagating reaction front is not observed at very low initial
temperatures, as the initiator required to trigger the reaction is
rapidly depleted. In the presence of heat exchange, heat losses
must remain sufficiently moderate to sustain front propagation
and prevent quenching.

Note that the results illustrated here correspond to a fixed
set of parameters; however, similar behaviors and conclusions
hold for other parameter values within the studied range.
These general behaviors are summarized in Section 3.3
through phase diagrams of front propagation.

Linear stability analyses of frontal polymerization have
shown that front stability is governed by the Zeldovich number
Z, which determines the transition between stable planar
propagation and unstable regimes in 1D models, with a critical
threshold Zcr ≈ 8.4.3,43 This dimensionless parameter
quantifies the sensitivity of the reaction rate to temperature
variations and provides a useful framework for understanding
thermal instabilities in frontal polymerization. In this frame-
work, decreasing the initial temperature increases the
Zeldovich number and promotes thermal instabilities, while
higher initial temperatures stabilize the propagating front.
These observations are consistent with our results, which show
the same stabilizing effect of increasing initial temperature.
3.2.2. Influence of the Heat Loss Rate. We now explore

the influence of the heat loss coefficient, quantified by the Biot
number Bi, on front dynamics. Increasing heat loss enhances
thermal dissipation from the top to the surroundings, thereby
reducing the amount of heat retained within the reaction zone.
This reduction can significantly affect both the velocity and

stability of the propagating front. The Biot number Bi is varied
with the initial temperature fixed at θ0 = −7.

Figure 9 presents the evolution of the maximum bottom
boundary temperature θmax,bot over time for different values of

heat loss coefficient Bi. At low Biot numbers (Bi ≤ 0.2), the
system remains in a stable regime, with the front propagating
steadily. As Bi increases beyond this range, oscillations emerge,
indicating the onset of thermal instabilities. For intermediate
values (0.2 < Bi ≤ 0.5), the system exhibits periodic behavior
with single-period oscillations. When Bi > 0.5, the front can no
longer sustain itself and quenches, unable to overcome thermal
losses.

To quantify heat losses, we analyze the front speed and the
characteristics of thermal oscillations (amplitude Δθmax,bot and
period τ) as a function of heat loss coefficient Bi.

As shown in Figure 10a, the front speed decreases with
increasing heat loss rate, reflecting enhanced thermal
dissipation. Figure 10b shows that both the amplitude and
period of oscillations increase with heat losses, until the front
ultimately quenches beyond the instability threshold. This is
similar to 1D fronts, where increasing heat losses through the
effective parameter α similarly reduces propagation speed and
promotes oscillatory dynamics prior to extinction.32 However,
the second dimension shifts the critical thresholds, enlarging
the propagation regime compared to 1D.

Additional insights are provided in Figure 11, which
corresponds to a lower initiator decomposition rate (D =
0.5) and a colder initial system (θ0 = −10).

Figure 8. (a) Front propagation speed V and (b) oscillation period τ and amplitude Δθmax,bot as functions of initial temperature θ0 for D = 0.5, Bi =
0.17, Lz = 5.

Figure 9. Time series of the maximum bottom boundary temperature
θmax,bot for various heat loss rates Bi, for D = 2, θ0 = −7, Lz = 5.
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As discussed in the previous section, under these conditions,
the system exhibits a richer dynamical regime. Even small
increases in heat loss coefficient Bi trigger highly nonlinear
(beyond single-period oscillations) dynamics, including
double-period oscillations and chaotic-like dynamics. However,
the range of heat loss rate that allows sustained propagation
becomes narrower: ignition occurs only at very low heat loss
rates, emphasizing how initially colder systems reduce the
resilience of the system to dissipation. These findings show
that thermal losses, as captured by Biot number Bi, contribute
to front destabilization, system transitions from stable to
unstable, and eventually to quenched regimes. Increasing the
heat loss coefficient intensifies thermal instabilities, leading to

oscillations of greater amplitude (Figure 12b). Simultaneously,
the front velocity decreases (Figure 12a) and ignition becomes
more difficult, particularly under colder initial conditions
where the heat generated by the exothermic reaction is
insufficient to counterbalance losses.

In summary, systems initialized at higher θ0 and subjected to
moderate heat losses (lower Bi) tend to promote stable
propagation, whereas increasing heat losses or insufficient
thermal feedback can drive oscillations or lead to quenching.
The resulting front dynamics can be classified into stable
propagation, single-period oscillations, double-period oscilla-
tions, chaotic-like behavior, and front quenching. To confirm
this classification, we computed the Fourier transform of the

Figure 10. (a) Front propagation speed V and (b) oscillation period τ and amplitude Δθmax,bot as functions of heat loss coefficient Bi, for D = 2, θ0
= −7, Lz = 5.

Figure 11. Time series of the maximum bottom boundary temperature θmax,bot for various heat loss rates Bi, for D = 0.5, θ0 = −10, Lz = 5.
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Figure 12. (a) Front propagation speed V and (b) oscillation period τ and amplitude Δθmax,bot as functions of heat loss coefficient Bi, for D = 0.5, θ0
= −10, Lz = 5.

Figure 13. Phase diagram in the (θ0, Bi) parameter space for D = 2, Lz = 5.

Figure 14. Phase diagram in the (θ0, Bi) parameter space for D = 0.5, Lz = 5.
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time-dependent maximum temperature oscillations, measured
at the bottom of the system (see Appendix). To synthesize
these findings, we now construct a dynamical map across the
(θ0, Bi) parameter space for various values of initiator
decomposition rate D, identifying the boundaries between
stable, unstable, and quenched regimes.
3.3. Phase Diagram of Front Dynamics
To provide an overall view of the different propagation
behaviors observed, we construct phase diagrams in the (θ0,
Bi) parameter space that classify front dynamics into distinct
regimes. These diagrams provide a comprehensive picture of
how the front responds to variations in initial temperature θ0
and surface heat loss coefficient Bi, revealing a spectrum of
dynamical outcomes ranging from steady propagation to
complex oscillatory regimes and eventual quenching. Figures
13 and 14 present these diagrams for two initiator
decomposition rates: a high-reactivity case D = 2 and a low-
reactivity case D = 0.5, respectively.

For D = 2 (Figure 13), the front behavior is organized into
three broad regimes. At sufficiently high initial temperatures
and low heat loss, the front propagates in a stable manner. As
surface heat losses increase or the initial temperature decreases,
a transition occurs to an unstable regime characterized by
single-period oscillations. A further increase in heat loss or a
decrease in initial temperature pushes the system into a
quenched state, where the front extinguishes over time. This
sequence reflects a classic progression from stability to
instability under the effect of increased dissipation.

In contrast, the system with lower reactivity D = 0.5 (Figure
14), exhibits richer dynamical behaviors. Additional regimes

emerge, specifically double-period oscillations and chaotic-like
propagation. These regimes occur in an intermediate band of
phase space, typically at moderate heat loss and low initial
temperature, where thermal dissipation is strong enough to
destabilize the front as the system is colder, but not strong
enough to completely suppress propagation.

Across both phase diagrams, transitions between regimes are
generally continuous rather than abrupt. In particular, a
transitional regime marked by damped oscillations is observed
between stable and unstable propagation. In this region, the
front initially exhibits oscillations that gradually decay,
eventually stabilizing over time.

Such transient dynamics are well-known from linear stability
analysis of one-dimensional propagating fronts.43 When the
related eigenvalues are complex conjugates with negative real
parts, perturbations decay in an oscillatory manner, leading to
damped front oscillations. The transitional regime observed
here can therefore be interpreted as this oscillatory but stable
state, occurring below the neutral stability curve and preceding
the onset of sustained oscillations.

Despite the differences, a consistent and hierarchical
sequence of transitions is evident across both diagrams. As
the heat loss coefficient Bi increases or the initial temperature
θ0 decreases, the front transitions sequentially from steady
propagation to single-period oscillations, and then, depending
on the reactivity, to more complex regimes such as double-
period or chaotic-like dynamics, before eventually quenching.
This defines an organized and hierarchical pathway of
dynamical transitions (see eq 9).

steady propagation single period double period chaotic like quenched
Bi Bi Bi Bior or or or0 0 0 0

(9)

Double-period oscillations and chaotic-like regimes are only
observed in the low-reactivity case (D = 0.5) at relatively low
initial temperatures. Logically, not all transitions are possible in
this system: direct transitions from steady propagation to
chaotic-like behavior, or from chaotic-like states back to
stability, are not observed without intermediate regimes. In
contrast, shortcut transitions are possible: for instance, in
highly reactive systems, the front may go directly from single-
period oscillations to quenching due to rapid initiator
depletion, which limits the development of more complex
oscillations. This structured sequence suggests that the system
obeys a constrained set of dynamical rules, where not all
transitions are equally accessible.

An intriguing feature common to both diagrams is the
occurrence of a nonmonotonic transition sequence: under
certain conditions, increasing the heat loss coefficient Bi
initially destabilizes the front, but further increase eventually
leads to restabilization (eq 10).

Stable Unstable Stable
Bi Bi (10)

This nonmonotonic trend, which is absent from 1D models,
arises at moderate initial temperatures and specific ranges of
heat losses. For instance, this restabilization occurs for D = 0.5
in the range θ0 ∈ [−7.8, − 6.4] and Bi ∈ [0.4, 1], and similarly
for D = 2 within θ0 ∈ [−6.8, − 6.2] and Bi ∈ [0.3, 0.7]. This
counterintuitive behavior likely results from a complex balance
between heat generation and thermal dissipation. While
moderate heat losses promote oscillations by weakening the

global exothermic heat release, stronger dissipation may
overdamp the system, suppressing oscillations and restoring
front stability. This nonmonotonic transition is associated with
the system thickness and is observed primarily when the layer
thickness exceeds a critical value. Related restabilization
phenomena have been previously reported for one particular
set of parameters.52 We show here that this is a general feature
of 2D models. A more detailed analysis of how the layer
thickness influences these transitions is presented in Section
3.4.

Taken together, these diagrams offer a comprehensive
framework for understanding how thermal and kinetic
parameters shape front dynamics. Higher initial temperatures
generally promote stable propagation by strengthening thermal
feedback, while increased heat loss acts as a destabilizing
influence, narrowing the stable regime and promoting
quenching. Systems with lower initiator decomposition rates
are more prone to complex oscillatory regimes, while more
reactive systems transition more directly to extinction.

Importantly, these results reveal a structural similarity
between 1D and 2D systems: both exhibit the classical
transition sequence from stability to instability and eventual
quenching (see eqs 8 and 9). However, the 2D system
introduces qualitatively new features such as restabilization
phenomena that are not observed in 1D.32 This underscores
that while the underlying dynamical progression is preserved,
the added spatial dimension significantly enriches the system’s
behavior.
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In the following section, we extend this analysis to
investigate how the system thickness Lz, representing vertical
confinement, influences front dynamics, focusing in particular
on its impact within the transitional regimes where instabilities
emerge or attenuate.
3.4. Effect of System Thickness on Front Dynamics
The phase diagrams presented in the previous section revealed
a variety of transition patterns, including the commonly

observed sequence stable
Bi

unstable
Bi

quenched as well as

the interesting transition stable
Bi

unstable
Bi

stable. While
these transitions are governed by thermal parameters such as
the system initial temperature θ0 and the heat loss coefficient
Bi, the geometry of the system also plays a critical role. In
particular, the system thickness Lz directly influences the
balance between heat generation and dissipation, as in our
model, heat loss occurs exclusively through the upper
boundary at z = Lz. All previous results were obtained for a
fixed thickness Lz = 5. To explore how these transition patterns
are affected by vertical confinement, we now systematically
vary Lz while holding other parameters constant.

Figure 15 shows the temporal evolution of the maximum
temperature at the bottom of the system θmax,bot at constant

heat loss coefficient Bi = 0.5. As the system thickness increases,
a damping of thermal oscillations is observed: both the
amplitude and period decrease progressively, and the front
eventually stabilizes. Thicker systems retain more of the
exothermic heat released during polymerization, which
promotes stable front propagation. Hence, reducing confine-
ment decreases the impact of surface heat loss, making the
system more resilient to thermal instabilities.

To examine how layer thickness affects the full dynamical
trends seen in the (θ0, Bi) phase space, we select representative
cases exhibiting distinct transitions. Figure 16 shows the
temporal evolution of θmax,bot for three such cases. In Figure
16a, for a relatively thin layer (Lz = 5), increasing heat loss
coefficient Bi leads to front destabilization and, eventually,
complete quenching, a classic example of the stable →
unstable → quenched pattern. However, in the thicker system
shown in Figure 16b (Lz = 7), the front exhibits a different
behavior: the front initially destabilizes with increasing Bi, but
then restabilizes for larger values of Bi, displaying a clear stable
→ unstable → stable transition. A similar transition is
observed in Figure 16c for a layer thickness of Lz = 5 but where
the initiator decomposes more slowly (D = 0.5) and the system
is slightly colder (θ0 = −7.5). Despite the lower reactivity,
increasing Bi again leads to recovery of front stability. These

observations demonstrate that this restabilization mechanism is
not limited to a single kinetic regime but is robust across a
range of decomposition rates and thermal conditions.

From these observations, we confirm the existence of a
critical layer thickness that is not restricted to a single
parameter set but instead constitutes a general feature of
frontal polymerization. Above this critical thickness, steady
front propagation can be sustained even in the presence of
significant surface heat losses, whereas below this threshold the
system becomes more sensitive to destabilization and
quenching. The precise value of this critical thickness depends
on both the initial temperature and the decomposition rate,
reinforcing the idea that geometry and chemistry jointly
determine the front dynamics. Similar conclusions were
reported by Tiani et al.,52 who examined how the critical
layer thickness varies as a function of kinetic parameters.

4. CONCLUSION
This study investigated the dynamics of free-radical FP in 2D,
focusing on how thermal and kinetic parameters, as well as
system size, influence the stability and propagation of the front.
We examine front behavior in both the 1D limit and the full
2D geometry, highlighting how the interplay between heat
generation and thermal losses governs front dynamics. A key
result of this work is the development of phase diagrams in the
(θ0, Bi) parameter space that classify the front dynamics into
distinct regimes: steady propagation, oscillatory behavior
(single- and double-period oscillations), chaotic-like dynamics,
and quenched behaviors. These maps reveal a hierarchical
sequence of transitions, showing how fronts evolve from
stability to instability and ultimately to extinction as heat loss
increases or the initial temperature decreases.

Additional finding is the emergence of a nonmonotonic
pathway: increasing heat loss initially destabilizes the front, but
further increase can restabilize it. This counterintuitive
behavior reflects a complex interplay between thermal
dissipation and the system’s intrinsic feedback mechanisms.
Beyond the classical transition sequence observed in 1D
systems stable → unstable → quenched, we identified a new
sequence unique to 2D geometries: stable → unstable →
stable. This highlights how higher-dimensional effects can
qualitatively reshape the dynamics, introducing new stabiliza-
tion mechanisms absent in lower dimensions. We also note
that transitions between regimes are not always abrupt. In
some cases, we observe a transitional zone characterized by
damped oscillations, which smoothly bridge the stable and
unstable states. These phase diagrams not only summarize the
rich spectrum of dynamical behaviors but also provide a
predictive framework for controlling front dynamics in
experimental or industrial settings. By appropriately tuning
the thermal conditions, heat loss rate, and chemical reactivity,
one can steer the system toward desired regimes, whether to
ensure stable propagation or to exploit oscillatory dynamics.
This is particularly relevant for applications of FP, where the
quality and reliability of the final material depend critically on
front behavior.

We further demonstrate the role of system thickness, Lz, as a
key modulating factor in the dynamical trends observed. Thin
layers, prone to significant heat loss through their surfaces, are
more susceptible to extinction. In contrast, thicker systems
retain more heat and can suppress instabilities. We identify a
critical thickness above which front propagation is sustained
regardless of heat loss intensity. Furthermore, in sufficiently

Figure 15. Time evolution of the maximum bottom boundary
temperature θmax,bot for different Lz, with D = 2, Bi = 0.5, and θ0 = −7.
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thick layers, increasing Bi can again trigger a nonmonotonic
transition: destabilization followed by restabilization, under-
scoring the sensitivity of this critical threshold to the thermal
environment.

Overall, our results provide a comprehensive picture of
thermal front dynamics in confined geometries. The phase
diagram emerges as a powerful design tool, offering practical
strategies for tailoring front behavior through parameter
control. Importantly, this work highlights the fundamental

differences between 1D and 2D systems, demonstrating that
dimensionality profoundly affects not only the dynamics
observed but also the pathways by which they emerge. In
this study, we did not account for fluid motion; however,
convective effects are expected to significantly influence front
behavior.56−58 A promising direction for future work is to
investigate how buoyancy-driven and surface-induced flows
interact with heat losses, particularly in their role in triggering
or suppressing thermal instabilities.

Figure 16. Maximum bottom boundary temperature θmax,bot as a function of Bi for different values of Lz, θ0, and D. (a) (Lz, θ0, D) = (5, −7, 2); (b)
(Lz, θ0, D) = (7, −7, 2); (c) (Lz, θ0, D) = (5, −7.5, 0.5).

Figure 17. Fourier transform of the maximum temperature at the bottom of the system for different regimes, using the time series from t = 20.
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■ APPENDIX: FOURIER TRANSFORM OF MAXIMUM
TEMPERATURE AT THE BOTTOM OF THE SYSTEM

Figure 17 presents the temporal evolution (top row) and the
corresponding Fourier transform (bottom row) of the
maximum temperature at the bottom of the system for three
characteristic regimes: single-period, double-period oscilla-
tions, and chaotic-like behavior.

In the single-period case, the Fourier transform displays a
sharp, narrow peak at a dominant frequency, with minimal
sidebands or noise. This confirms that the system’s dynamics
are governed by a single harmonic mode. The clarity of this
spectral signature justifies the designation “single-period”
oscillations. In the double-period case, the corresponding
Fourier transform reveals two prominent frequency peaks, a
strong peak at the fundamental frequency together with a
pronounced subharmonic at half this value. The presence of
this subharmonic component is characteristic of period-
doubling and motivates the designation “double-periodic.” In
the chaotic-like regime, the Fourier spectrum is broadband
and noisy, lacking distinct peaks. This indicates a breakdown of
regular periodicity and the onset of complex, possibly chaotic
dynamics. The absence of dominant frequencies confirms the
“chaotic-like” classification.
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