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Radially Locked Sun-Ray Patterns in Reaction-Diffusion-Advection Systems
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Traveling fronts ubiquitous in physics, chemistry, and biology are prone to transverse cellular
deformations due to diffusive or convective instabilities. Here, we show both theoretically and
experimentally that new patterns can be obtained if the destabilization is triggered around a front locked
radially by advection. Specifically, angularly shifting sun-ray-like patterns can develop around an
autocatalytic front frozen by radial advection. These patterns arise from a diffusive instability that occurs
when the autocatalyst X and the reactant Y diffuse at different rates. The properties of these shining-star
structures can be controlled by tuning the flow rate Q and the ratio of diffusion coefficients ¢ as evidenced
by linear stability analysis, nonlinear simulations, and experiments on the chlorite-tetrathionate reaction.

DOI: 10.1103/s8rs-2bq9

Traveling fronts are commonly encountered in nature
and applications, including combustion [1], nanoparticle
self-assembly [2], frontal polymerization [3,4], emergence
of homochirality [5], and subsurface and contaminant
hydrology [6]. In biological systems, moving fronts control
dynamics [7] such as neuronal impulses [8], plankton
growth [9], and disease spreading [10], to name a few.
Fronts can develop when a local autocatalytic process is
coupled to a diffusive transport and are characterized by a
reactive zone moving with constant width and speed ¢
[3,11-13]. Transverse cellular modulations, resulting from
convective or diffusive instabilities, can deform such fronts.
Convective deformations are typically caused by changes
in composition and temperature across the front that trigger
buoyancy-driven motions [14] or Marangoni flows [15], as
seen in frontal polymerization [4], redox [16,17], and
combustion fronts [18], for instance. Diffusive instabilities,
by contrast, emerge when the reactant and autocatalyst have
unequal diffusivities, and have been reported in redox
[11,12] and combustion fronts [19].

Recently, it has been shown that advection can freeze
autocatalytic fronts, opening perspectives in controlling
pattern formation around such frozen fronts [20,21]. In
particular, for an autocatalytic reaction of the type 2X +
Y — 3X where X is the autocatalyst and Y the reactant,
stationary fronts can be obtained when the reactant Y is
injected radially into a medium initially filled with the
autocatalyst X [21]. The stationary radius r, is reached
when the outward advection speed equals the inward
reaction-diffusion (RD) speed. The fixed position r,, the
related curvature 1/r,, and the advective fluxes are all
controlled by the flow rate, which paves the way to an
advective control of instabilities that can develop around
the front.

Our objective is to test this new pattern-forming strategy
both theoretically and experimentally by studying how
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radial advection modifies the diffusive instability of auto-
catalytic fronts. Diffusive instabilities of autocatalytic
fronts occur when the reactant Y ahead of the front diffuses
sufficiently faster than the autocatalyst X invading it. To
understand the mechanism of this instability, recall that in
perturbations ahead of the planar front, the concentration of
X is diluted, which slows down the propagation of the front,
whereas Y becomes concentrated, thereby enhancing the
local front velocity. Similarly, for perturbations lagging
behind the planar front, diffusion of X has a stabilizing
effect, while Y tends to amplify the perturbation [Fig. 1(a)].
Thus, if Dy > Dy, where Dy and Dy are the diffusion
coefficients of X and Y, respectively, the destabilizing
diffusion of Y overcomes the stabilizing diffusion of X and
perturbations amplify, leading to cellular patterns [11,12].
The diffusivity ratio § = Dy/Dy must exceed a critical
value 6., to trigger cellular pattern formation around a
traveling front [11,12,22-25].

How is this classical picture modified in radial advec-
tion? As Fig. 1(b) shows, in a circular front expanding
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FIG. 1. Direction of diffusion in (a) rectilinear and (b) radial
geometries. (c) Growth rate ¢ versus wave number a for Q = 80
(blue) and Q = 160 (red) at various values of 6.
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radially, the inner species is diluting when diffusing out-
ward, while the inward diffusion of the outer species is
concentrating it in the reference circle. The curvature
inherent to radial geometries should thus naturally modify
the o,, values of rectilinear systems. For a frozen front
locked by advection at a position ry, this geometrical effect
should, in addition, be modulated by advection.

In this context, we study here theoretically the influence
of geometric and advective effects on the diffusive insta-
bility of fronts, showing that new radially locked and
angularly shifting sun-ray-like patterns can be obtained in
radial reaction-diffusion-advection (RDA) systems. Linear
stability analysis (LSA) and direct nonlinear simulations
(DNS) of an RDA model show that the critical diffusivity
ratio 6., of radial systems, as well as the amplitude and
wavelength of the transverse modulations, are controlled by
the flow rate Q. Experimental observations confirm the
existence and properties of these star-shaped structures.

We consider a 2D circular domain defined in a coordinate
system (7, §) with center at # = 0 and radius R and initially
filled by the autocatalyst X. The reactant Y is injected
radially from the center at a constant flow rate QO into the sea
of X [Fig. 1(b)]. Both X and Y have the same initial
concentration ¥, and undergo an autocatalytic reaction
2X+Y — 3X. The nondimensional RDA equations
describing the dynamics are [21,26]

1 1
atx+gdrx: (arr+—0r+_2099>x+x2y, (1a)
r r r

1 1
a[y+gary:6<arr+rar+r2099)y_x2y7 (lb)

where x and y are the concentrations of X and Y, scaled
by ¥, The characteristic time- and length scales are
#=1/(k¥3) and 1 = \/DyZ, respectively, where k is the
kinetic constant. Hats refer to dimensional variables. The
dimensionless advection term Q/r, with Q = Q/(2zhDy),
derives from the radially varying velocity field
ii = (u(?) = Q/2xh#,0), where h is the reactor height.
The flow satisfies the incompressibility condition V - i = 0.
Equations (1) are solved numerically with initial conditions
(x,y)(r,0,0) = (0,1) at r = ry and (1,0) for ry < r <R.
The boundary conditions are x(rg,6,7) = y(R,0,1) =0,
and x(R, 0, t) = y(rg,0, 1) = 1. To avoid the singularity at
the center, the numerical domain is defined over r € [ry, R]
with ry = 0.5 and R =700. In the presence of radial
advection, the RDA equations (1) admit a stationary front
at a position r, = Q/c¢ where the outward velocity u = Q/r
balances the inward RD front speed ¢ [21].

To analyze diffusive instabilities of such locked fronts, we
first perform a temporal LSA [27] of Eq. (1) to understand
the influence of Q and of the related curvature 1/r; on the
diffusive instability. We compute dispersion curves giving

the growth rate ¢ of angular cos(af) perturbations around
the expanding circular front as a function of their angular
wavenumber a. See Supplemental Material (SM) for details
[28]. Figure 1(c) shows that, depending on the flow rate Q
and diffusivity ratio 6, perturbations either grow (¢ > 0) or
decay (¢ < 0). The maximum growth rate ,,,, and the most
unstable wave number «,,,, increase when the diffusivity
ratio 4 is increased, as known for both rectilinear [11,12] and
radial [24] RD fronts. Increasing Q increases the value of
both a,,, and o,,. 1.e., destabilizes smaller angular
perturbations, and increases the rate of growth of the
instability. At the same time, it shifts the front outward,
to a larger r,. As a result, the wavelength 4,,,, = 277/«
increases only slightly.

For example, with § = 10, increasing Q from 80 to
160 nearly doubles a,,,, from approximately 15 to 30
[Fig. 1(c)], while the front shifts outward from r, = 230 to
ry =460 (see Fig. S2 of [28]). Consequently, the most
unstable wavelength changes only slightly, from around 95
to 97. Conversely, at a fixed Q, increasing 6 leads to a
modest rise in a,,,, but decreases the RD speed ¢, which
shifts the front to a larger radial position ry, resulting in a
larger wavelength. For instance, with Q = 160, increasing
6 from 3.5 to 10 increases «,,,, from 25 to 30 but shifts 7,
from ~305 to 460 (Fig. S2 [28]), increasing 4,,,, from
around 77 to 97. This highlights how increasing o
promotes more widely spaced cellular patterns. Overall,
increasing Q and ¢ both enhance instability. Increasing &
primarily affects the wavelength, while increasing Q
impacts rather the critical diffusivity ratio.

Next, we perform nonlinear simulations of the RDA
model (1) to validate the LSA predictions and analyze
nonlinear dynamics. Details of the numerical method and
validation are provided in SM [28]. Figure 2(a) shows the
temporal evolution of the radial displacement of the
autocatalyst X by the reactant Y. Since d > 1, the faster
diffusion of Y allows X to locally exceed unity, forming a
0-symmetric circular second diffusion-advection front [21]
emerging from the reactive stationary front to adapt the
initial outer concentration of X to its stoichiometry ratio
with Y [see Fig. 2(a) at t = 200, 1000 and Fig. S4(a) in SM
[28] ]. The diffusive instability next deforms the reaction
front behind it into sun-ray-like patterns either before or
after this radial locking at the position r, [see Fig. 2(a) at
t = 5000, 10000 and Figs. S4(a) and S4(b) [28]]. Once
locked at r;, the sun-ray sources feature a complex
nonlinear dynamics involving lateral movements, merging,
or birth of new rays (see Movie 1 in SM [28]). Figure 2(b)
illustrates the impact of varying Q and 6 on the sun-ray
patterns. At a fixed flow rate, increasing the diffusivity
ratio amplifies the diffusive instability, with sun rays
appearing earlier and their asymptotic amplitude being
larger. At a fixed value of 9, the system becomes more
unstable, with larger amplitudes of the cellular modula-
tions, as Q increases. Note that the properties of the
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FIG. 2. (a) Spatiotemporal evolution of the radial displacement
of the autocatalyst X for Q = 160 and 6 = 10 (see Supplemental
Movie 1 [28]). The corresponding evolution of the reactant Y is
shown in Fig. S4 of the Supplemental Material. (b) Distribution
of X at + = 10000 for Q = 80 or 160 and variable §.

Q =160

sun-ray patterns do not depend on the total radius R of the
domain, provided that the outer boundary remains far from
the self-organized front.

Figure 3(a) shows the time evolution of the r-averaged
Y concentration, (y),(0,f) =1/(R—ry) frlgy(r, 0,1)dr,
as a function of @r/(t), the signed arc-length coordinate
along the reaction front. Here, r/(¢) is the reaction front

position defined as the first » moment of the reaction rate
R = x%y, ie. rf(t) = Rr( Yo (r t)dr/ R( Yo(r, t)dr],

shows that the initially circular interface grows uniformly,
increasing the front perimeter. Eventually, the front
destabilizes transversely, while stopping its growth.
Space-time maps of the dynamics can next be constructed
by stacking in time the position of the local minima of
(y),(0,1) [Figs. 3(b) and 3(c)]. These maps display the
angular movement of the sun-ray sources on the interfacial
perimeter as well as nonlinear dynamics such as the
birth or merging of rays. We mark the onset time
of instability as t,, = min{r:A(¢) > 2 x 1073}, where
A(r) = maxg|(y),(0,1) — {y),(0,1))y| is the maximum
amplitude of the transverse modulations seen in
Fig. 3(a). The instability occurs earlier at larger flow rates
(e.g., the dimensionless onset time is 1250 for Q = 160
while 1467 for Q = 80), but a longer delay is observed
between onset and radial locking. This can be seen on the
space-time maps of Figs. 3(b) and 3(c) starting at onset of
the instability: the minima of the cellular modulations still
expand after onset for Q = 160 while the unstable inter-
face shifts slightly inward and the radial expansion of the
unstable front until locking is less pronounced for Q = 80
[see inset of Fig. 3(a) and Fig. S5(a) in SM [28] ]. We next
calculate the wavelength A(t) = 2zr(t)/n(t) of the trans-
verse modulations as the ratio between the interfacial
perimeter 277,(t) at the front position divided by n(7), the
number of local minima. Because of the nonlinear inter-
actions between rays, () fluctuates around a mean A [see
Fig. S5(b) of SM [28] ]. Figure 3(d) shows that this mean
instability wavelength increases with 8, while it does not
vary much with Q, in agreement with the LSA predictions.
Similarly, the amplitude A(¢) of the front modulations first
rises after the onset of the instability and then plateaus,
fluctuating around a mean value A [see Fig. S5(c) of SM

where (R),(r, (1/27) f (r,0,t)d0. Figure 3(a) [28]]. Figure 3(e) shows that this mean amplitude A
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FIG. 3. (a) Temporal evolution of the r-averaged reactant Y concentration, (y),(0, ) for Q = 80 and § = 10. Inset: Enlarged view

showing the unstable interface receding towards the center and becoming radially locked. Space-time maps of sun-ray source points for
(b) O = 80 and (c) Q = 160. (d) Mean wavelength A and (e) amplitude A of the cellular modulations for variable Q and §. Empty and
filled markers represent stable and unstable (Q, &) pairs, respectively. (f) Critical diffusivity ratio §.,. versus flow rate Q. The line at
St ~ 3 is the value of the rectilinear RD case [12].
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FIG. 4. Cellular front of the CT reaction at [SPA], = 30 mM (Scale bar = 10 mm) for (a) Q =1 pLmin™', and (b) Q =4 pLmin™".
See also Supplemental Movie 2 [28] for the temporal evolution of the front when 0=4 pL min~'. (c) Stationary front position 7, (mm),
and (d) amplitude A (mm) of the cellular modulation versus flow rate Q for different [SPA],,.

increases, i.e., the system is more unstable, when ¢ and Q
increase, which is again consistent with the LSA
predictions.

For each value of Q, we define the critical diffusivity ratio
O, as the value of 6 above which the mean amplitude
A > 2 x 1073, Figure 3(f) compares the DNS values of
8. (Q) with the DNS result 5" ~ 3.0 obtained numerically
for rectilinear RD fronts [12], and verified here through
high-resolution simulations. We see that radial flow con-
ditions can modify the critical threshold of instability.

Two regimes can be identified. For lower Q, the critical
threshold is larger than the rectilinear value (6= ~ 3). This
can be understood by the fact that, at a smaller flow rate, the
stationary radius r, is smaller and hence curvature larger. As
seen in Fig. 1(b), this curvature effect dilutes Y out of the
inner circle, while it concentrates X inside it. The destabi-
lizing role of Y is weakened compared to the enhanced
stabilizing influence of X, and the net critical ratio .,
needed to destabilize the front is larger. The frozen fronts
with a small curvature are thus more stable with regard to
the diffusive instability than the traveling rectilinear ones, in
the so-called curvature-dominated region of the (5., Q)
parameter space [Fig. 3(f)]. At larger Q, the curvature effect
weakens as the stationary radius is larger. There, it is useful

to note that the total flux F = F 4+ F «dv Of a given species
at any location is the sum of its diffusive F 4 and advective

F .4, components. At the stationary front position, for
species Y, these two components align in the same direction,
while for species X, the diffusive flux is in the direction
opposite to the advective one. We have thus naturally that
the amplitude of the total Y flux is larger than the X one, and
this difference increases with Q, favoring a decrease of J,.,
in the flow-dominated region of the (6., Q) parameter
space [Fig. 3(f)]. For large Q, the diffusive component
becomes negligible and the DNS 6., asymptotically satu-
rates toward 8., = 2.4, which is below 5,

To test theoretical predictions, experiments are performed
with the chlorite-tetrathionate (CT) reaction [32,33] where

the autocatalyst X is a proton. The reactive solution Y
consists of 5 mM potassium tetrathionate (K,S;0¢), 20 mM
of sodium chlorite (NaClO,), 1 mM sodium hydroxide
(NaOH), a pH indicator, and variable initial concentrations
of sodium polyacrylate (27 mM <[SPA], < 30.6 mM).
The solution X is obtained by adding a droplet of acid to
the solution Y, initiating the reaction. Carboxyl groups of
SPA reversibly bind the autocatalyst, effectively decreasing
its diffusive and reactive timescales [33,34]. Assuming a fast
complexation equilibrium between X and SPA, the con-
centration of the binded autocatalyst can be considered
constant and proportional to [SPA],. The initial concen-
tration of SPA plays therefore, in experiments, a role
equivalent to that of § in the simulations [3,35].

The solution X initially fills a horizontal Hele-Shaw cell,
two glass plates separated by a thin gap (A = 0.12 mm).
The solution Y is injected radially from a hole in the center
of the cell at a constant flow rate Q using a syringe pump.
The evolution of the front is recorded using a digital
camera [see Fig. S6 in SM [28] for a schematic of the
experimental setup]. The experimental data are processed
as described in SM [28].

For given values of Q and above a critical value of
[SPA],, the front develops cellular modulations, providing
shining star-like structures at the locked radius [Figs. 4(a)
and 4(b)]. This pattern has a given number of cusps which
drift laterally, can merge, while new ones sometimes appear
locally (see Supplemental Movie 2 [28]). Increasing Q at
constant [SPA] results in a front advected farther from the
center [see Fig. 4(c)] with decreased curvature and thus a
total flux of Y larger than that of X, allowing for a larger
amplitude of cellular modulation. This behavior is demon-
strated in Figs. 4(a) and 4(b), where the modulation
amplitude increases from 0.5 to 1.7 mm when changing
O from 1 to 4 pL min~!. Figure 4(d) shows that increasing
QO destabilizes the system, i.e., leads to larger amplitudes of
modulations, for each value of [SPA], scanned.
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Increasing [SPA], results in more bounded protons, hence
a slower RD velocity ¢ of the front, and a larger stationary
front position 7, for the same 0 [Fig. 4(c)]. It also favors the
diffusive instability, inducing larger cellular modulations of
the front [Fig. 4(d)]. Unlike in LSA and DNS, the wavelength
of the experimental pattern is roughly constant (8 £ 2) mm
i.e., does not vary significantly with the flow rate or [SPA],,.
The fact that the wavelength is independent of [SPA], is
consistent with observations on diffusively unstable RD CT
fronts in rectilinear geometries [33].

Note that experiments have been conducted here with the
CT reaction. However, we emphasize that our new pattern-
forming RDA mechanism is very general. Any autocatalytic
reactive process that supports a propagating front, such as
frontal polymerization [4], combustion fronts [18,36], or
biological growth processes including tumor expansion [37]
and yeast colony development [38], could, in principle, be
rendered stationary by imposing a nonuniform counterflow
of reactants opposing front propagation. Around these
locked fronts, instabilities can be analyzed more system-
atically and, more importantly, novel dynamical behaviors
may arise from the interplay of reaction, transport, and
geometry.

To summarize, we have experimentally and theoretically
demonstrated the existence of new sun-ray-like patterns in
self-organized autocatalytic RDA systems, resulting from a
diffusive instability of advectively frozen fronts. Their proper-
ties can be tuned by varying the diffusivity ratios and the flow
rate. At low flow rates, the curvature-dominated regime has a
larger critical diffusivity ratio than in rectilinear systems,
while at larger Q, the frozen radial fronts are more unstable
than their rectilinear counterparts because advection becomes
dominant over diffusion. These results show how radial
advection of autocatalytic fronts can be used for controlling
pattern formation. The nonuniform flow can freeze a chemo-
hydrodynamic pattern at a given radius, which controls the
relative weight of curvature and transport fluxes on the
dynamics. This paves the way to discover new self-organized
patterns around frozen fronts, in particular due to buoyancy
[39-41], Marangoni [42,43], and viscosity effects [44,45].
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