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ABSTRACT: Many reactive processes in the environment involve
the formation of chemical fronts as reactant A is injected from a
point source into a three-dimensional medium containing reactant
B, and a bimolecular A + B → C reaction takes place. While
bimolecular reaction fronts have been extensively studied in planar
and cylindrical geometries, their dynamics in spherical config-
urations remain experimentally unexplored, despite their relevance
to environmental applications. Using a bimolecular redox reaction
in a hydrogel-based medium, we show experimentally that point-
like injection in three-dimensional porous media can lead to a self-
organized stationary sphere in which the reactive zone remains at a
fixed radius. We measure the spatial distribution of the product of
these reactive mixing fronts, the front position, and the amount of
product formed with time. The stationary front radius scales linearly with the flow rate, and inversely with the diffusion coefficient
ratio and logarithm of the initial concentration ratio. We use this experimental data set to test recent theoretical predictions
regarding reactive front growth and arrest for point injections of reactive elements in three-dimensional (3D) domains. Furthermore,
we analyze numerically the influence of reactant diffusivity differences on front position, width, maximum reaction rate, and total
product formation. These findings highlight the existence of new dynamical regimes in reactive transport, emphasizing the
importance of considering full three-dimensional modeling of reactive dynamics in a range of environmental applications that involve
point injections of reactive solutes in the subsurface.
KEYWORDS: reactive transport, reaction-diffusion-advection, chemical fronts, bimolecular reactions, porous media, 3D imaging

■ INTRODUCTION
The transport of chemical species and their reactions govern
the spatiotemporal evolution of reactive systems in natural and
industrial environments.1−5 Many environmental processes
begin with spatially separated reactants that need to mix before
reacting. As the reactants meet, they form a chemical front−a
localized reaction zone traveling in space. A particularly
common type of front is the bimolecular reaction-diffusion
(RD) front, where two initially separated reactants, A and B,
diffuse and react to form a product C via a bimolecular A + B
→ C reaction. These fronts play a key role in a wide range of
environmental and practical applications, from microscale
mixing processes,6 the development of greener chemistry
methods such as mediated electrosynthesis7 and the design of
efficient nanoreactors,8 to large-scale geological processes,
including hydrogen storage,9−11 soil and water remedia-
tion,12,13 CO2 sequestration,11,14,15 and related dissolution16,17

and precipitation18 reactions. Beyond the environmental
context, the dynamics of bimolecular reaction fronts is also
relevant in fields such as epidemiology,19 population
dynamics,20 and even finance,21 illustrating their broad
scientific relevance.

A theoretical study of bimolecular RD fronts by Gaĺfi and
Raćz,22 has established the temporal scaling laws governing
rectilinear front dynamics, when the initial contact zone
between A and B is a line in two dimensions (2D) or a plane in
three dimensions (3D). In such geometries, the front position
xf follows a diffusive temporal scaling law, xf ∝ αlin√t, where
the coefficient αlin depends on the initial concentration ratio of
the reactants γ = b̅0/a0̅ and the diffusion coefficient ratio δB =
DB/DA.

23 These predictions have been validated in various
rectilinear configurations both numerically24−28 and exper-
imentally.29−32 Several theoretical works have addressed
bimolecular reaction−diffusion fronts in three-dimensional
geometries with a localized source of reactant A.33−36 When
the reactant A is continuously supplied at a point within a
medium filled with B, and transported by diffusion, a stationary
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reaction front can emerge. The position of this front is
determined by the rate at which A is supplied through
diffusion, as well as the concentration and diffusivity of the
host species B.35,36 This stationary regime arises solely from
reaction−diffusion dynamics, without any advective flow.
However, maintaining such a constant point source with
only diffusive transport is experimentally challenging.

More recent studies have explored how various transport
mechanisms, including active37−40 and passive flows41−44

influence front dynamics. In this context, it was shown that,
in cylindrical geometry, radial advective flow occurring as
reactant A is injected at a constant flow rate Q into a sea of
reactant B, preserves the temporal scalings rf ∝ αrad√t, where rf
is the radial front position. However, unlike in rectilinear
systems, the coefficient αrad depends also on Q, meaning that
radial advection can actively influence the front evolu-
tion,41,45,46 allowing for a spatiotemporal control of fronts in
practical applications.

While major progress has been made in understanding and
controlling RD fronts through nonuniform two-dimensional
radial flow fields, numerous environmental applications involve
point-like injection in a three-dimensional spherical geometry.
Therefore, extending the description of fronts from cylindrical
to spherical geometry remains crucial for bridging laboratory
studies and field implementations. Theoretical studies42,47 have
shown that the dynamics of spherical fronts cannot be simply
inferred from those of their rectilinear or cylindrical counter-
parts. Point-like injection in spherical geometry introduces
fundamentally different dynamics with distinct scaling laws
and, importantly, a self-organized stationary regime in the long-
time limit. In this regime, although the reaction product is still
continuously formed and transported, the front position and
shape remain constant. This stationary sphere arises from the
balance of the reactants’ fluxes, distinguishing these bimo-
lecular fronts from their rectilinear and cylindrical counter-
parts, where no such regimes exist.

Studies of 3D point-source injection systems are of special
importance in many environmental applications of chemical
fronts occur in this configuration. For instance, in CO2
sequestration, CO2 is injected into basaltic aquifers, where it
spreads radially and eventually reacts with present cations to
safely store the carbon dioxide in the form of carbonates.48

Similarly, in geothermal systems, point-source injection leads
to radially propagating redox fronts that drive the formation of
mineral precipitates and sometimes well clogging.49 Under-
standing the front dynamics can inform the design and
optimization of subsurface injection strategies, help prevent
inefficient mixing, and enable targeted control of reaction
zones in environmental applications.

Despite theoretical advances in understanding spherical
bimolecular reactive fronts, experimental validation of these
theories is still lacking. We address this gap experimentally by
investigating the dynamics of bimolecular fronts subjected to
point injection within spherical geometries by injecting a
reactant A in a 3D medium filled with reactant B, when an A +
B → C reaction takes place. To explore the dynamics, we
conducted experiments at different flow rates and initial
reactant concentration ratios, employing the fluorescin−
ferricyanide redox reaction,50 a model system recently
developed to study mixing processes.6,51,52 Recognizing that
reactants in environmental applications often have different
diffusion coefficients, we extend the theoretical framework
developed previously42 to account for these variations, allowing

us to compare our experimental results with the theoretical
model. Our results experimentally demonstrate, for the first
time, the existence of spherical stationary bimolecular fronts,
resulting from a point-source injection in 3D.

These findings have direct implications for understanding
long-term reactive transport dynamics in spherically advected
systems in the subsurface.

We present our work as follows. We first describe the
experimental framework, methods, and results, analyzing the
temporal evolution of the front position and total amount of
product. We then present the theoretical model and its
numerical solutions when reactants have different diffusion
coefficients. Finally, we discuss the environmental implications
of the experimental results and conclude with broader
perspectives and future directions.

■ EXPERIMENTAL SECTION
To measure the scalings of an A + B → C front in spherical
geometry, we experimentally imaged the progression of a
bimolecular reaction in spherical injection conditions and
measured the front position and the total amount of product as
described below.
Methods. The bimolecular reaction between fluorescin

C20H12O5
2− and potassium ferricyanide (K3[Fe(CN)6])

50 given
by the eq 1 produces fluorescein (C20H10O5

2−), a fluorescent
probe that enables visualization of the front dynamics

C H O Fe(CN) 2OH

C H O Fe(CN) 2H O
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+ [ ] +
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(1)

This reaction is used to study the dynamics of a spherical
reaction-diffusion-advection (RDA) front.

Solution Preparation. The reactants are K3[Fe(CN)6] as
the host solution B and fluorescin as the injected species A.
The preparation of stock and working solutions follows
established protocols50 and is detailed in the Supporting
Information.53 At room temperature (19.0 ± 0.5) °C, the
diffusion coefficients are estimated as DA = 1.3 × 10−10 m2 s−1

for fluorescin and DB = 4.1 × 10−10 m2 s−1 for K3[Fe-
(CN)6],

54,55 yielding a diffusivity ratio δB = DB/DA ≈ 3.2 (see
Supporting Information53). Since the reaction rate constant k̅
is pH-dependent,50 sodium hydroxide is added to all working
solutions to maintain a pH of 12, ensuring k̅ = 13.43 M−1 s−1.

Medium Preparation. The reactants and products of the
fluorescin−ferricyanide reaction have different densities. Even
minor density variations can induce convection, particularly
when the reaction modifies the density profile.39 Such flows
would disrupt the front shape, making it impossible to isolate
the effects of spherical geometry on the front evolution. To
limit convection, we use a hydrogel-based medium, which
stabilizes the system by suppressing buoyancy-driven flows.

The hydrogel medium consists of commercially available
polyacrylamide beads, prepared under two conditions: a
control group of dehydrated beads placed in pure water and
an experimental group placed in b̅0 = 0.001 M K3[Fe(CN)6]
solution (Solution B). The beads are fully swollen after
approximately 10 h, as confirmed by measurement of the
volumetric swelling ratio. All experiments are conducted only
after complete swelling to ensure that swelling dynamics does
not influence the front position.

The fully swollen beads are extruded through a 1 mm
diameter syringe outlet to obtain smaller beads, which limit the
formation of large pores that could allow convection to occur.
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The resulting bead sizes and characteristic diffusion through
them are characterized by microscopic analysis. Following size
reduction, the beads are transferred to a transparent cuvette (6
cm × 6 cm × 8 cm). Air bubbles are removed from the
medium using a vacuum chamber to prevent their interference
with the injection process. The prepared gel beads have the
same refractive index as the working solutions, enabling direct
observation of the reaction product. For more details on the
swelling dynamics of the beads, and the characterization of the
porous medium, see Supporting Information.53

Experimental Procedure. In reactive experiments, the
fluorescin (reactant A) solution at concentration a0̅ is injected
at a constant flow rate Q̅ in the hydrogel-based medium
containing reactant B at initial concentration b̅0 = 0.001 M
K3[Fe(CN)6]. The experimental setup is shown in Figure 1a.
Three different concentration ratios (γ = b̅0/a0̅) of 100, 50, and
25 are investigated by using fluorescin concentrations a0̅ = 1 ×
10−5, 2 × 10−5, and 4 × 10−5 M, respectively. These
concentrations correspond to characteristic times τ̅ = 1/
(k̅a0̅), ranging from 31 to 124 min, and characteristic lengths

DA= from 0.49 to 0.98 mm. Constant flow rates Q̅
ranging from 5 to 500 μL/min are imposed using a syringe
pump (KD Scientific Legato 210). Nonreactive control
experiments are performed by injecting the product C,
fluorescein, directly into water-filled hydrogel beads under
identical flow conditions.

The RDA front is monitored by fluorescence imaging, as the
product C is fluorescent. The experimental cuvette is
positioned at a fixed location in front of a blue LED panel,
which excites the product C and induces fluorescence. The
cuvette is illuminated only during the image acquisition to
avoid photo-oxidation of the reactant,56 and photobleaching of
the product.57 A bandpass filter (532.0−537.5 nm) is used in
the camera setup to capture only the fluorescent emission from
the product, thus reducing the background noise. All
experiments are performed in triplicate to compute the
averages.

Experimental Observables and Data Processing. The
observables that describe the dynamics of the front are the
total amount of product and the front position.44,46

Total Amount of Product. In all images, the background is
corrected by subtracting the image before injection. Then, the
total fluorescence intensity I is determined by integrating the
pixel intensity of the 2D image. Using the calibration curve
I(nC) given in Supporting Information,53 the integrated
intensities are converted to absolute amounts of fluorescein,
nC. To ensure reliable quantification, we exclude measurements
falling below the minimum point of the calibration curve (1 ×
10−9 mol) from the analysis.

Product Front Position. The front position rfR is generally
defined41 as the distance from the inlet to the location of
maximum reaction rate R(r, t) = ab. However, since the
reaction rate cannot be measured experimentally, we instead
measure the position rf of maximum product concentration. As
shown numerically, these two positions rfR and rf follow the
same dynamics and the relative difference in their values is
small (see Supporting Information53).

To determine the position of the maximum intensity
experimentally, we analyze the fluorescence intensity profile
along a reference line beneath the injection needle tip (Figure
1b). As explained below, the intensity profile is symmetric,
with two peaks. Since the system is symmetric, the position of
the maximum product concentration is computed as half the
distance between these peaks (see Figure 1c).
Experimental Results. As reactants mix, the reaction

product forms a spherical shell, which expands due to the
continuous injection of reactant A. As seen in Figure 1b, the
interior of this sphere appears as a zone of lower fluorescence
intensity on the 2D projected image of the 3D hollow sphere.
As a result, the intensity profile of fluorescence measured along
the line drawn in Figure 1b has a two-peaked distribution
(Figure 1c). Over time, the expansion slows down, and after a
certain time, the front stabilizes at a stationary position rS̅. This
self-organized stationary RDA sphere is a unique feature of the
spherical geometry.42 It is reached when the outward flux of A
is compensated by the inward flux of B. Theoretical scalings
predicted in the case where δB = 1 are summarized in Table 1.

To compare our experimental results with these scalings, let
us first examine the transport properties through the employed
hydrogel-based medium to understand how the medium affects
the dynamics. We then examine the evolution of the front

Figure 1. (a) Experimental setup: The reactant A is injected at a constant flow rate Q̅ using a syringe pump into a cuvette filled with B-soaked
crushed hydrogel beads. The reaction between fluorescin (A) and K3[Fe(CN)6] (B) results in the production of fluorescein (C), which can be
visualized using a blue LED panel. (b) Snapshot of the experimental fluorescein sphere measured at t ̅ = 135 min for Q̅ = 7 μL min−1, γ = 100. The
yellow line represents a line used to determine the front position, from the intensity profile presented in panel (c). Since the sphere is symmetric,
the orientation of the reference line is arbitrary. (c) Intensity profile, corresponding to the concentration profile of the product. The front position
is determined as half the distance between the two symmetrical maxima of product concentration.
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position, obtain the stationary front scaling, and finally analyze
the total product formation.

Transport through Hydrogel-Based Medium. The trans-
port dynamics within the hydrogel-based medium depend on
an interplay of different factors. On one hand, the porous
structure formed by the hydrogel beads confines flow to the
interstitial space, increasing the effective advective velocity of
solutes for a given flow rate, compared to a homogeneous
medium with porosity equal to unity. On the other hand,
hydrogel beads allow solutes to diffuse through them. These
competing mechanisms, porosity-driven acceleration and
solute-matrix interactions causing retardation, can either
increase or decrease the effective velocity of the reaction front.

To quantify these effects, we conducted control experiments
by injecting a conservative tracer into the hydrogel medium, as
detailed in the Supporting Information.53 The results show
that the tracer propagation can be accurately described by an
advection−diffusion model. In a porous medium with porosity
ϕ, the solute velocity ve is related to the advective velocity va by
a retardation factor R, so that ve = va/R. Since va ∝ Q/ϕ and
the retardation factor R ∝ 1/ϕ,58 the solute velocity ve
becomes effectively independent of ϕ. This explains the
apparent absence of porosity effects and supports our
treatment of the hydrogel as an effectively homogeneous
medium in the analysis.

Front Position. Previous theoretical work, assuming equal
diffusivities for the reactants,42 has shown that the dimensional
early time position rE̅ of a spherical bimolecular front evolves
according to volume conservation in spherical geometry

i

k
jjjj

y

{
zzzzr

Q t3
4E

1
1/3

B ==

(2)

where subscript “E” stands for the early time regime. Later on,
the front eventually stabilizes at a stationary position due to a
balance between the outward flux of reactant A and the inward
flux of reactant B.42 If δB = 1, this position rS̅ depends on the
flow rate Q̅, the diffusion coefficient DA = DB = D, and the
initial concentration ratio γ as42

r
D

Q1
4 ln(1 )S

1B =
+

=

(3)

This front stabilization is expected to occur after a transition
time tE̅S, which is obtained by equating eqs 2 and 3

t
D

Q1
3(4 ) ln (1 )ES

1
2 3

2

3
B =

+
=

(4)

The evolution and eventual stabilization of the reactive front
can be directly visualized in our experiments using fluorescence
imaging, as shown in Figure 2. Indeed, as predicted by the
theory,42 the front first grows under the influence of advection
(Figure 2a−d). However, after a certain time, the position of

the maximum intensity stops its movement, and stays at a fixed
location (Figure 2d,e). For reference, a simulated front
obtained for the experimental parameters is shown in Figure
2f. The numerical simulations of eq 5, using the same values of
δB, γ, and Q̅ as the experiment, reproduce the observed
stationary position and profile shape. The corresponding
intensity profiles along the central axis (Figure 2g) illustrate
this evolution: the maximum intensity initially shifts outward,
then stabilizes after about 300 min. To analyze these results
quantitatively, we measure the position of the front for
different injection rates Q̅, and ratios of reactant concentrations
γ.

Figure 3 shows the evolution of the experimentally measured
front position, normalized by rS̅

δB=1, as a function of time
normalized by the transition time tE̅S

δB=1. The resulting curves at
early times (t ̅ < tE̅S) align well with the scaling corresponding
to eq 2, indicating that the theory42 correctly predicts the front

Table 1. Summary of Theoretical Scalings for the
Dimensionless Front Position rf and Total Amount of
Product nC across Different Temporal Regimes, When the
Reactants Have the Same Diffusivities, i.e., When δB = 142

regime rf nC

early time (t ≪ 1) (Qt)1/3 γQ2/3t13/6

transient (Qt)1/3 ( )Q tln 1 5
2

2/3 7/6+

stationary regime (t ≫ 1) Q/ln(1 + γ) Qt

Figure 2. (a−e) Experimental fluorescence images showing the
evolution of the reactive sphere at different times: (a) 100 min, (b)
200 min, (c) 300 min, (d) 400 min and (e) 500 min under
continuous radial injection (Q̅ = 5 μL/min, γ = 25). The central dark
line corresponds to the injection needle. The dashed white circle, with
radius rf̅ serves as a guide for the eye to observe the stationary front.
(f) Numerical simulations (detailed in Model section) of the reactive
sphere at t ̅ = 500 min, using the same values of parameters as in
experiments, show a good agreement with experiments. (g) Intensity
profiles along the central horizontal line for the corresponding times,
illustrating the outward expansion and subsequent stabilization of the
front. The inset compares experimental and simulated profiles at t ̅ =
500 min, demonstrating that the simulation accurately predicts the
position of the maximum intensity. The experimental profile appears
broader than the simulated one, likely due to premixing in the
injection needle.40
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evolution at early times. At longer times, we observe that the
front stabilizes to a stationary position for the three smaller
values of Q̅ studied. However, this transition occurs earlier
than predicted by the theory assuming equal diffusivities (eq 4)
by a factor of about 26. Additionally, the front stabilizes at radii
about three times smaller than those predicted by eq 3.

A plausible hypothesis is that hydrodynamic dispersion may
be responsible for these discrepancies. However, Karan et al.
demonstrated that, when hydrodynamic dispersion is domi-
nant, fundamentally different temporal scalings emerge.47 The
good agreement between our experimental scalings and the
reaction-diffusion-advection theory42 indicates that dispersion
effects are weak in the considered system. To show this
quantitatively, we use eqs 4 and 5 of ref 47 , while taking the
longitudinal dispersion length as the standard estimate for bead
packs6 lL = 0.2d (with d the bead diameter) to obtain a
criterion necessary for dispersion to influence the stationary
front. The criterion for dispersion to control the dynamics in
this system is d > 5 [(Q̅/ϕ)/DA], where Q̅ is the volumetric
flow rate, ϕ is the porosity of the medium, and DA is the
molecular diffusion. Approximating the porosity as ϕ = 0.4 for
a random loose pack of spheres and inserting our experimental
parameter values, we find that this criterion is never met in our
parameter range. The stationary fronts obtained in our
experiments thus lie in the weak-dispersion regime and are
well described by the RDA model. Therefore, we attribute the
observed discrepancies to differential diffusion of the reactants,
as discussed below.

Note that experimental constraints prevent the observation
of stationary fronts at the two highest flow rates considered
(Figure 3). For example, according to eqs 3 and 4, a flow rate
of Q̅ = 100 μL min−1, would result in the front stabilizing
approximately 25 cm from the injection point after 324 days.

Observation of these dynamics would require much larger
experimental setups and longer observation times.

Stationary Front Position. Our experimental observation of
a stationary bimolecular front in a 3D point injection system
experimentally validates previous theoretical predictions. The
experiments performed at low flow rates indeed clearly
demonstrate the existence of a stationary regime (see Figure
3 and inset).

To test the theoretical predictions for stationary position (eq
3), we plot the measured stationary radius rS̅ against the
combined parameter Q̅/ln(1 + γ) (Figure 4). The experimental

data closely follow the linear trend from eq 3, with an R2 value
of 0.98. According to the theory assuming equal reactant
diffusivity,42 the slope of this relationship (eq 3) is determined
by the diffusion coefficient D of reactants. However, in the
experiments, this assumption does not hold, i.e., DA ≠ DB,
making it unclear how the slope correlates with the diffusivities
in the experiments. Thus, a numerical investigation of the
effect of differential diffusion is required and is presented in the
Model section.

Total Amount of the Product. Quantifying the total
amount of product formed n̅C is crucial for assessing
effectiveness in various practical applications. To do so, we
experimentally measured how n̅C varies with time, flow rate,
and concentrations of the reactants. The total amount of
product n̅C increases over time as the reaction takes place
(Figure 5). Fluorescence measurements confirm that the total
product amount n̅C increases with Q̅ and with the
concentration of the injected reactant a0̅, as predicted by the
theory.42

We identify three scaling regimes, consistent with theoretical
predictions accounting for equal diffusivities (Table 1).42 At
higher flow rates, the early time regime, in which the total
product amount scales as n̅CE ∝ t ̅13/6, is observed due to a flow-
induced increase in product. This regime is followed by a
transient regime with n̅CT ∝ t ̅7/6 scaling. However, rapid filling

Figure 3. Experimentally measured temporal evolution of the front
position, presented in log−log scale. Front positions rf̅ are normalized
by the stationary position rS̅

δB=1 (eq 3) predicted for δB = 1,42 while
time is normalized by the corresponding transition time tE̅S

δB=1 (eq 4).
These theoretical predictions are marked with blue dotted lines. The
symbols represent experimental data, the solid line corresponds to the
theoretical early time prediction t ̅1/3 (eq 2). The observed stationary
front position rS̅

δB=3.2 and transition time tE̅S
δB=3.2 are significantly smaller

than predicted and are marked with black dotted lines. Stationary
position rS̅

δB=3.2 is experimentally measured as the asymptotic value of
the normalized front position. The transition time tE̅S

δB=3.2 is determined
experimentally from the intersection between the early time rf̅ ∝t ̅1/3
scaling and the late-time rf̅ ∝ t ̅0 scaling. Inset: Experimentally
measured temporal evolution of the front position in linear scale.

Figure 4. Dependence of the stationary front position rS̅ on the
combined parameter Q̅/ln(1 + γ), see eq 3. Red, yellow, and green
data points correspond to experiments performed at flow rates of 5, 7,
and 9 μL/min, respectively. Symbols indicate different concentration
ratios: triangles (γ = 25), squares (γ = 50), and circles (γ = 100). The
dashed line represents the linear fit rS̅ = αQ̅/ln(1 + γ) + β. The
positive intercept β = (0.4 ± 1.0) mm accounts for tracking the
maximum product concentration rather than the front position as
defined theoretically. The shaded region represents uncertainty.
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of the experimental cell limits long-term observations. At lower
flow rates, during the early time regime, fluorescence initially
remains below the detection threshold, while the transient (n̅CT
∝ t ̅7/6) and the late-time regime (n̅CS ∝ t ̅1) are observed.

■ MODEL
To reconcile the difference between the analytical predictions
obtained for δB = 142 and our experiments in which DA ≠ DB,
particularly regarding the front position (Figure 3), we
numerically solve the model describing the problem for
variable diffusion coefficient ratios. Let us consider a
homogeneous 3D medium initially filled with a solution of
reactant B. At a point source, a solution of reactant A is
injected at a constant flow rate Q̅. A bimolecular reaction A +
B → C forms the product C.
Model Setup. The front dynamics are governed by three

coupled partial differential equations that describe the
spatiotemporal evolution of the concentrations a,̅ b̅, and c ̅ of
chemical species A, B, and C, respectively. We assume a
spherical symmetry of the system, allowing us to neglect the
angular dependencies. The equations read
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where t ̅ is time, and r ̅ is the radial coordinate. The parameters
DA, DB, and DC represent the diffusion coefficients of each
species, k̅ is the reaction rate constant, and Q̅ represents the
injection rate of the reactant A. The term Q̅/(4πr ̅2) is the radial
flow velocity. The diffusion terms include the second derivative
with respect to r ̅ and the geometric term (2/r)̅∂r,̅ which arises
from the Laplacian operator in spherical coordinates.

Nondimensional equations are obtained by normalizing eq 5
using characteristic scales. Concentrations are scaled by the
initial concentration a0̅ of the reactant A, time by the
characteristic reaction time τ̅ = 1/k̅a0̅, and spatial dimensions
by the characteristic diffusive length scale DA= . The
dimensionless injection rate is given by Q = Q̅/(4πDA

3/2τ̅1/2).
The resulting nondimensional equations are

a
t

Q
r

a
r

a
r r

a
r

ab2
2

2

2+ = +
(6a)

i

k

jjjj
y

{

zzzz
b
t

Q
r

b
r

b
r r

b
r

ab2
2 B

2

2+ = +
(6b)

i

k

jjjj
y

{

zzzz
c
t

Q
r

c
r

c
r r

c
r

2 ab2 C

2

2+ = + +
(6c)

where a, b, and c are the dimensionless concentrations, t is
dimensionless time, and r is the dimensionless radial
coordinate. The parameter δB = DB/DA represents the ratio
of the diffusion coefficients of species B and A, while δC = DC/
DA.

To solve this model, we impose the following initial and
boundary conditions. Initially, species A and B are separated,
and there is no product C in the system

Figure 5. Evolution of the total amount of product n̅C as a function of
the dimensionless time t = t/̅τ̅, with τ̅ = 1/(k̅a0̅), for different values of
flow rate Q̅ and concentration ratios γ. Full lines represent early time
scaling n̅CE ∝ t ̅13/6, dashed lines represent the transient regime scaling
n̅CT ∝ t ̅7/6, and dotted lines follow the stationary regime scaling (n̅CS ∝
t)̅.

Figure 6. (a) Numerically calculated temporal evolution of the front position rfR for various values of δB when Q = 50, and γ = 1. The front position
is initially governed only by the advection. At later times, the front reaches a stationary position determined by the flow rate Q, and ratios of initial
concentrations γ and diffusivities δB. The full black line represents the early time prediction, given by eq 8. (b) Normalized stationary front position
rfR as a function of diffusion coefficient ratio δB. Points represent the results of numerical simulations, while the line corresponds to the scaling δB

−1.
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where γ = b̅0/a0̅ is the ratio of initial concentrations of the
reactants. To avoid the singularities at r = 0, the initial front
position is set at r0, chosen to be much smaller than the
domain size. The injected species A has a fixed concentration
at r = r0, while the host reactant B remains constant at the
domain boundary, i.e., the boundary conditions are a(r0, t) = 1,
a(∞, t) = 0, b(r0, t) = 0, b(∞, t) = γ, c(r0, t) = 0 and c(∞, t) =
0.
Numerical Results. Let us numerically integrate eq 6 to

analyze the effects of flow rate Q, diffusion coefficient ratio δB,
and initial concentration ratio γ on the front position rf and the
total amount of product nC. The results of the simulation for
the front width wf and maximum reaction rate Rmax are
provided in the Supporting Information,53 as these observables
are not accessible experimentally.

Front Position. As reactant A is injected into the medium
containing B, a reaction-diffusion-advection (RDA) front
forms and propagates outward. Unlike in purely advective
systems, where the front continues to expand indefinitely, the
RDA front here evolves toward a self-organized stationary state.
In this regime, a stationary sphere emerges when the inward
transport of reactant B balances the outward flux of reactant A.

Figure 6a shows the evolution of the front position rfR,
defined as the radial position of the maximum reaction rate. As
shown analytically42 for δB = 1 and experimentally in the earlier
sections, at early times, the front propagation is governed
purely by volume conservation in spherical geometry, resulting
in a front position rER

r Qt(3 )E
R 1/3= (8)

where the quantities without a bar are dimensionless. In this
regime, advection dominates over diffusion (i.e., the Pećlet
number exceeds unity). While unequal diffusion coefficients
and concentrations can yield complex early time dynamics in
pure reaction-diffusion systems,59,60 such effects are negligible
here in the advection-dominated early time regime.

As the front propagates away from the inlet, the radial flow
velocity vr = Q/r2 decreases, gradually reducing the influence of
advection with regard to diffusion. After a certain time, the
front reaches a self-organized stationary state, where the radius
of the stationary sphere remains fixed. It was shown
analytically42 that for δB = 1, the stationary front position
follows rSR = Q/ln(1 + γ). To examine how this scaling changes
when δB ≠ 1, the numerically estimated stationary position rfR
is normalized by Q/ln(1 + γ) and plotted against δB (Figure
6b). The collapse of numerical data onto a δB

−1 curve reveals
the generalized expression for the stationary position rfR
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The stationary front shifts closer to the inlet as δB increases.
This is logical as an increase in diffusivity of reactant B
enhances its inward flux, which stops the front at a smaller
distance from the injection point.

The dependence of rfR on δB directly impacts the time tES at
which the regime change occurs, as a front reaching a
stationary position close to the inlet requires less time to do so

than one far from the inlet. This time tES can be calculated by
equating the equations for the early time front position (eq 8)
and for the stationary front position (eq 9), which yields
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Both rS̅R and tE̅S depend solely on the diffusivity of the host
species B and are independent of the injected reactant’s
diffusivity. These findings explain the discrepancies between
theoretical predictions for δB = 1 and experimental data
(Figure 3). Indeed, for the experimental value δB ≈ 3.2, the
corrected predictions are rS

δB=3.2 ≈ rS
δB=1/3.2 and tES

δB=3.2 ≈ tES/
3.23. With this adjustment, the numerical predictions align well
with the experimental results (Figure 3). Furthermore,
according to eq 9, the slope of the relationship between rS̅
and the combined parameter Q̅/ln(1 + γ) is governed by the
host diffusivity DB. The value extracted from the slope in
Figure 4 using eq 9, DB = (3.6 ± 0.6) × 10−10 m2/s, is
consistent with previously reported measurements.54,55

Total Amount of Product. In systems with initially spatially
separated reactants, reactions are confined to the front, making
the total product formation dependent on the maximum
reaction rate Rmax, front position rfR, and front width w. These
observables are all affected differently by δB. An increase in δB
reduces the stationary front radius rSR (eq 9) and narrows wS,
decreasing the extent of the reaction zone. On the other hand,
RS

max increases with δB (see Supporting Information53), which
enhances product formation. The combined effect of these
competing influences determines the total reaction yield, a key
quantity in applications. With the scaling laws for rfR, w, and
Rmax established, we can now derive the scaling behavior of the
total product amount nC. For completeness, we briefly outline
the derivation of nC, following the previously established
approach.42

The total reaction rate is defined as

n t
t

r R r t r
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The reaction rate R = ab is a function peaked around the front
position rf, with the maximal value Rmax. This allows to express
the reaction rate as a product of Rmax and a function ϕ peaked
at the front position rfR with a width w
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Substituting eq 12 into the integral 11, and introducing a
change of variables z = (r − rfR)/w, we obtain
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Noting that ϕ(z) decays rapidly away from the front located at
z = 0 allows us to extend the lower limit of the integration to
−∞. This approximation is valid when rfR/w ≫ 1, which is
indeed true in all the regimes.42 We obtain
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with μn being the nth moment of the function ϕ.
Considering that none of the observables are affected by δB

at early or transient times provided that Q ≫ 1, we expect to
retrieve the same scalings for the total amount of product nC as
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the one derived for the case where δB = 1. Indeed, substituting
eq 2, as well as eqs 6 and 10 of Supporting Information53 into
eq 14, and taking the limit of small times (t ≪ 1), we see that
the first term is the leading one and we retrieve that the total
amount of product at early times nCE scales as

n Q t6CE 0
2/ 3 13/ 6= (15)

Similarly, for the transient regime, the following scaling for the
total amount of the product nCT can be obtained
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The total amount of product generated during the stationary
regime is obtained by substituting eq 9, and eqs 8 and 12 of
Supporting Information53 in eq 14. Surprisingly, the opposing
effects of δB on rS, wS, and RS

max perfectly compensate for each
other, leading to the same product formation regardless of δB.
Thus, despite variations in δB, the overall product yield remains
unchanged at long times

n 11.2 QtCS 0 (17)

To confirm the theoretical predictions regarding the total
amount of product produced by the reaction, the product
concentration c(r, t) is numerically integrated as

n t r c r t r( ) 4 ( , )dC
0

2=
(18)

Figure 7 shows excellent agreement between theoretical
predictions (eqs 15−17) and numerical results. As seen in

the inset, the amount of product increases slightly with δB
during early and transient regimes due to a slight increase in
RE

max that occurs when Q is not sufficiently high. However, in
the stationary regime, the amount of product grows linearly in
time, independently of δB.

■ ENVIRONMENTAL IMPLICATIONS
Many environmental and engineering systems involve the local
injection of reactive fluids into the subsurface, resulting in a

point-source injection problem with spherical geometry−the
focus of this study. This includes groundwater contamination
and remediation, geothermal energy systems, CO2 sequestra-
tion, and hydrogen storage. Gaining a deeper understanding of
the resulting reaction dynamics is essential for the effective
design and optimization of these processes.

Our experimental and modeling results demonstrate that
three-dimensional effects inherent to fluid injections in the
subsurface drive reactive front dynamics that cannot be
captured by lower-dimensional approximations. We have
indeed shown that the spherical geometry of reactive fronts,
relevant for point injections in unconfined or isotropic 3D
porous media, implies distinct dependencies of the front
position and reaction yield on flow rate, concentration ratios,
and diffusion coefficient ratios. Our experiments demonstrate a
particularly striking difference between spherical fronts and
their cylindrical or rectilinear counterparts (typical in layered
porous media): spherical geometries can lead to front arrest.
While this effect was so far only theoretically described, our
results provide the first experimental observation of this
stationary regime.

Note that in reaction-diffusion systems, stationary 3D
“isothermal flame balls” can arise from nonlinear feedback of
more complex autocatalytic reaction.61,62 Similarly, in
autocatalytic63−65 or oscillatory66 systems exposed to advec-
tion, fronts can be frozen when the reaction-diffusion speed
matches the opposing flow. By contrast, the spherical
bimolecular fronts considered here achieve stationarity purely
by fluxes balance, without chemical feedback.

This stationarity may have valuable applications in subsur-
face environments, such as containing or trapping dissolved
chemical species. Conversely, in scenarios where maximum
spreading of the injected fluid is desired, the formation of a
stationary front should be avoided. Therefore, our findings−
linking front position and total reaction yield to flow rate,
concentration ratio, and diffusion coefficient ratios−offer
practical guidance for the design and optimization of
subsurface operations involving fluid injections. For this, the
model should be extended to incorporate solute dispersion
alongside diffusion, which involves larger and radially depend-
ent dispersion coefficients.47

Both experiments and numerical simulations confirm the
existence of distinct temporal regimes in the evolution of
spherical bimolecular fronts. At early times, the characteristics
of a bimolecular front are only mildly influenced by the
differences in diffusivities and the front position is governed by
volume conservation. Therefore, at early times (t < 1),
spherical fronts advance faster than their radial (2D)
counterparts, with the front position scaling as rf ∝ (Qt)1/3
for spherical injection, compared to rf ∝ (Qt)1/2 for radial (2D)
fronts. Differences in diffusivities mildly enhance the maximum
reaction rate. This enhancement results in a higher reaction
yield at early times as the ratio of reactant diffusivities δB = DB/
DA increases.

In the stationary regime, the influence of δB becomes more
significant. When the host B diffuses faster than the injected
reactant A (i.e., δB > 1), the front stabilizes closer to the inlet,
and its width narrows, reducing the reactive interface.
However, the maximum reaction rate increases with δB.
These opposing effects balance each other, leading to a total
product yield independent of δB in the stationary state. Unlike
in 2D radial geometries, where the reaction front continues to
advance indefinitely and the total product yield depends on

Figure 7. Temporal evolution of the total product amount for
different diffusion coefficient ratios δB, for Q = 100, and γ = 1. The full
black line represents the early time scaling (eq 15), the dashed line
corresponds to the transient regime scaling (eq 16), while the dotted
line marks the temporal evolution in the stationary regime (eq 17).
Inset: zoom of the evolution at early times, showing a slight influence
of δB on the product amount when the flow rate Q is not sufficiently
high.
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both the initial concentration ratio and the flow rate (scaling as
Q1/2t), in the stationary regime of spherical fronts, all injected
volume is eventually converted to product, resulting in a total
yield that increases linearly with the injected volume Qt.

While the hydrogel-based experiments provide important
insights into reactive fronts dynamics, real environmental
systems often involve additional complexities that warrant
further investigations. For example, mineralization reactions
related to CO2 sequestration can induce convective
flows18,67,68 due to changes in density, viscosity, or
permeability69 during the reaction. These phenomena result
in unexpectedly larger product yields at intermediate reactant
concentrations.67 Future research could leverage similar
experimental setups coupled with advanced imaging techni-
ques, such as X-ray tomography,70 to investigate these complex
dynamics. Moreover, recent advances have shown that reactive
transport dynamics in porous media differ from those in
homogeneous media.47,71 Complex stretching and folding of
material lines lead to exponential elongation of mixing
interfaces at the pore scale.72 The resulting deformation of
the mixing interface between the reacting fluids results in more
significant product yields.73 Future investigations could explore
these dynamics in porous media with impermeable beads,
where mechanical dispersion would play a more significant
role. The presented framework can be extended to study
spherical front propagation and systems with more complex
reaction kinetics for which theories have been developed,44

bridging laboratory-scale studies with real environmental
applications.
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