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ABSTRACT

A + B — C reaction-diffusion fronts are localized reactive zones developing upon diffusive transport and reaction between two zones con-
taining separately the reactants A and B of a bimolecular A + B — C reaction. Galfi and Racz have characterized the scalings of these types
of reaction fronts in infinitely large systems, showing that the position x5 width w, and maximum production rate R scale as x; ~ £'/2,
w ~ t'/6, and R ~ t72/3, respectively, where ¢ denotes time. In this work, we show theoretically that the properties of these A + B — C reac-
tion—diffusion fronts can be affected in geometries of a finite size. Considering arbitrary finite rectilinear geometry sizes and initial positions
of the reactants, we identify the existence of two additional regimes that follow the initial dynamics described by Galfi and Récz and are sig-
nificantly influenced by the geometric constraints of the spatial domain. In the first regime, the observables exhibit an exponential dynamics,
while in the second one, the front position remains spatially stationary under certain conditions. We further show that the transition times
between regimes depend on the size of the system. We support our calculations with numerical simulations and characterize the dynamics of
the front observables as a function of the ratio of initial concentrations.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0291093

Reaction-diffusion fronts of the type A + B — C are fundamen-
tal to a wide range of natural and technological processes, from
chemistry and biology to ecology and materials science. These
fronts typically arise when two initially separated reactants dif-
fuse and react, to create a localized zone of product formation
whose properties have been well characterized in infinite sys-
tems. However, in practical situations, spatial confinement can
profoundly alter the behavior of such reaction fronts. In this
work, we theoretically investigate how geometric constraints in
finite rectilinear domains affect the scaling properties and tem-
poral evolution of A + B — C reaction fronts. We identify and
fully characterize two novel temporal regimes that emerge beyond
those known for infinite systems, showing how geometric param-
eters and initial concentrations influence their evolution. Our
results are further supported by numerical simulations.

I. INTRODUCTION

Reaction-diffusion (RD) fronts are widely observed across
numerous applications, such as pattern formation in geology' and

biology,” population dynamics,” disease spreading, transport of
ions in cellular acidity fronts,” nonlinear phenomena in physics,”
combustion,” and finance,'’ among others. A + B — C fronts rep-
resent a significant category of RD fronts that emerge when the
reactants A and B, initially segregated in space, diffuse and react to
form the product C. Depending on the context and the interpre-
tation of A, B, and C, these fronts can be observed in various sys-
tems, including catalysis,'' geochemistry,'” atmospheric chemistry,"”’
environmental,'* and ecological’® problems, among others. One of
the foundational works on A + B — C RD fronts was conducted
by Galfi and Racz in 1988.' They demonstrated that the temporal
evolution of the front position x; scales as t'/2, while the maxi-
mum of the production rate Rf = AB and the width w of the front
scale as t~%/® and t'/¢, respectively. These results have been validated
numerically,'”'® experimentally,”” and extended to more general
cases.”’*

Several studies have investigated the influence of varying
parameters, such as initial concentrations and diffusivities of reac-
tants A and B on the front position, showing that certain param-
eter combinations induce complex dynamics of x5 causing it
to move non-monotonically from its initial position along the
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domain.”** However, most of these studies have assumed either
infinite domains or finite geometries with the contact line initially
located at the geometric center,'~"' or they restrict the analysis to
short-time regimes where geometric effects are negligible.”>*” Recent
works have shown that geometry plays a major role in the dynam-
ics of RD fronts in radial** and spherical’® advective frameworks.
Although these studies demonstrate the universality of the temporal
scalings obtained in the pure RD case, the efficiency of the reaction
is significantly affected by geometric parameters, which underlines
the importance of the geometry in the dynamics of reaction fronts.

In this context, we characterize here the properties of
A + B — CRD fronts in confined finite rectilinear geometries with
arbitrary initial positions of the species and varying geometry sizes.
We show the existence of two additional regimes that occur after
the dynamics predicted by Gélfi and Récz, and in which geometric
constraints strongly affect the front dynamics. We derive analyti-
cal expressions for the temporal scalings in these new regimes and
explore the effect of varying the parameters on the front dynamics.

This article is organized as follows: first, we define the finite size
geometry parameters and provide a qualitative explanation of the
several temporal regimes that will be studied. We review the dynam-
ics in the short and middle times on our finite domain and recall
analytical expressions for the characteristic observables. Next, we
study the transition and long-time regimes analytically by extending
the scaling theory of Gélfi and Récz in these new temporal regimes.
With the obtained analytical expressions, we compute the transition
times at which the system switches from one regime to another.
In Sec. VII, we study the influence of varying the ratio of initial
concentrations on the observables dynamics.

Il. NUMERICAL MODEL AND METHODS

We consider a finite, one-dimensional rectilinear domain
x € [0,L], where L is the total system length. In this system, the

(2)
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chemical species A and B with initial concentrations A, and Bj,
respectively, are initially separated at x = Ly = L/n, where n is any
number larger than 1 [see Fig. 1(a)]. When n =2 and L is suffi-
ciently large for the dynamics not to be influenced by the borders, we
recover the equivalent of the classical infinite system studied by Galfi
and Récz.'® Note that the cases 1 < n < 2 and n > 2 are equivalent
by symmetry since they can be mapped onto each other by exchang-
ing the roles of species A and B and rescaling the domain. Upon
diffusive contact between A and B, the product C is formed through
the irreversible bimolecular reaction A 4+ B — C. The dynamics is
governed by the following set of partial differential equations (PDE):

8A = D,d2A — kAB, 8B = Dpd’B —kAB, 8,C = Dcd>C+ kAB,
1)

where A = A(x,t), B= B(x,t), and C = C(x, t) are the concentra-
tion profiles of the chemical species, D; are their diffusion coef-
ficients, and k is the reaction rate constant. These equations are
written in a dimensionless form by rescaling space and time by
£ = /Ds/kAyand T = 1/kA,, respectively. We consider a = A/A,,
b=B/Ay, and ¢= C/A, as the non-dimensional concentra-
tion fields and introduce the control parameters 8, = Dg/Djy,
8. = Dc/D, as the ratios of diffusion coefficients and y = By /A, as
the ratio of initial concentrations. We obtain the following dimen-
sionless system of equations:

0a = Bfa —ab, 0b= (Sbafb —ab, 0ic= (Scafc +ab, (2)
with no-flux boundary conditions,

0,a(0,t) = dca(L,t)
= 9,b(0,1) = 3,b(L, t) = 9,¢(0,t) = d,c(L,t) =0, (3)

(b) (©
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FIG. 1. (a) Spatial concentration profiles a and b at t=0. (b) Spatial concentration profiles a, b, and c, and reaction rate Ry =ab at t= 4000.
(c) Closer view near the reaction zone showing the typical observables used to characterize the system: position, maximum, and width of the production rate (x;, Ry,
and w, respectively) in the long-time regime (t = 2 x 10°). In all figures, n = 3,8, = 1,8, = 1, ¥ = 0.5, and L, = 300.
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and initial conditions defined by
a(x,0) =0(Ly —x), b(x,0) =y0(x—Ly), ¢(x,0)=0, (4)

where 0 (x) is the Heaviside function.

The equations are solved numerically using the Finite Ele-
ment Method (FEM) software COMSOL Multiphysics® version
6.0.” We use the 1-Dimensional Transport of Diluted Species mod-
ule (tds) with a variable time-stepping method. We discretize the
domain using a regular mesh of 20 000 1D elements and set the rel-
ative tolerance to 107>, The final simulation time depends on the
values of the parameters, but typically, we use values between 10°
and 107 units of time. To ensure numerical precision and good tem-
poral resolution across all studied regimes, we used a logarithmic
time stepping between the initial and final times, with 40 steps per
decade. The initial time and the time step were set to 103 and 107%,
respectively. Note that the product C does not feed back into the
reaction front dynamics, and therefore, the effect of varying 4, is not
further discussed in the analysis.

Ill. TEMPORAL REGIMES AND OBSERVABLES
DEFINITION

At the initial time, reactants A and B are put in contact at
x = Ly (Fig. 1). Upon reaction and diffusion, a chemical front forms
in which the product C is generated. Typical spatial profiles for the
concentrations 4, b, and ¢ and the reaction rate Rp= ab are shown
in Fig. 1(b). Our objective is to analyze the effect that a finite recti-
linear geometry produces on the dynamics of the front. To do so,
let us study a specific case where Ly = 300, n = 3 when y = 0.5
(Fig. 1). The system has, thus, a finite size, the initial contact line
is not in the middle of the system, and reactants have different
initial concentrations. As Fig. 2 shows, we can identify four dif-
ferent temporal regimes. Region I corresponds to the short-time
regime, in which diffusion is the driving process. Region II corre-
sponds with the so-called middle-time regime (also known as the
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Galfi and Récz regime) where diffusion and reaction both control
the evolution of the front and finite effects are neglected as the
front is still far away from boundaries.'** In regions I and II, the
dynamics of the reaction front is not affected by the geometric con-
straints and is the same as in an infinitely large domain. For this
reason, the temporal scalings in these regions are often studied in the
particular case where the species are initially segregated at the geo-
metric center of the domain.'*” As these two regimes were vastly
studied in previous works, we will only summarize their proper-
ties and adapt the expression of x; to include the initial position L.
Region IIT corresponds to the transition zone where the dynamics
starts to be affected by finite size effects and where the observ-
ables switch from a middle- to long-time regime via an exponential
dynamics. Finally, in the long-time regime IV, x; reaches a station-
ary position depending on the values of parameters, w(t) reaches
its maximum value w* = L, and R(f) decreases rapidly to zero (see
Fig. 2). This regime IV is more extensive and begins earlier in x/(t)
compared to w(t) or R(#). In Sec. V, we will detail the necessary
conditions to obtain an asymptotic stationary front position. It is
worth mentioning that once this condition is fulfilled, the dynam-
ics observed in Fig. 2 are similar for any geometry size and initial
position.

To characterize the dynamics, we compute observables, such
as the position x¢(f), maximum R() = Re(x(t), t) = ab(xs 1), and
width w(t) of the production rate Re(x,t) = ab. These observables
are shown in Fig. 1(c)."° To compute x/() from the simulations, we
look at the position where Ry(x, t) is maximum. The width w(t) can
be computed either as the second moment of the production rate or
as the distance at half height of Ry(x, t). Both definitions provide the
same trends, but differ by a proportionality constant.

Once we have introduced the characteristic observables and the
temporal regimes of interest, we proceed to summarize the findings
in regions I and II and present the new results for regions III and
IV separately. For simplicity, we assume 8, = 1 in the forthcoming
analysis.

(b) (c)

; . = 10° . ; 10° —~=— ;
21 " Y
10 vd I 1 111 g .,
~2
> 101 | \51) i 102 3 El 1073 4 & |
~ X 1|6 - ~
1 I Nt = i N
S 10} I 1 I {1V / i E,lo - i
S~
= o'l | 1 1079} 1 11 JoiLY
f V] v
1072 e -12 e

102 10° 10> 10* 10°
t

10" : : :
102 10° 10> 10* 10°

102 10° 10> 10* 10°
t t

FIG. 2. Dynamics of the reaction front observables corresponding to the profiles shown in Fig. 1 and the four regions described. (a) x;(t) — Lo. We subtract the initial position
L, to facilitate the observation of the different regimes. (b) Width w(t) and (c) maximum value R(f) of the production rate. The red dashed lines indicate the temporal scalings
predicted by Galfi and Récz in the middle-time regime.® All plots are shown in log scales with n = 3, Ly = 300, and y = 0.5.
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IV. REGIONS | AND II: SHORT- AND MEDIUM-TIME
REGIMES

In the early-time regimes, the dynamics are not affected by
the boundaries, and thus, the system behaves as if it were infinitely
large.'®* In particular, during the short-time regime, diffusion dom-
inates and the reaction terms in Eq. (2) can be neglected. This
leads to an uncoupled system of PDEs with well-known analytical
diffusive solutions for the concentrations a and b,

ag(x,t) = %erfc @), byxt) = %erfc (-0), (5)

where the subscript st stands for short-time, 6 = (x — Ly)/ VD),
and erfc denotes the complementary error function.”

Based on Eq. (5), the main observables in the short-time regime
can be expressed as

() = Lo+ 2D, wa(t) = (/6 Ry(f) = R* = % 6)

where Dy is the solution of the equation erf(,/D/2) = (1 —y)/
(1+ y). The numerical prefactor ¢ in wg(t) depends on the
definition used: for the width at half maximum, wy(f) = 4erf ™"

(l/ﬁ) 1t~ 2.97./t, whereas for the second moment of ab,
we () = /573t & 1.29/1.

In the middle-time regime, the analytical expressions for the
observables are given by

§ nKi
xﬁmt(t) = xf,st(t)x Wine(1) = F t1/6) Ry (t) = tz_/r:t, (7)

mt

where the subscript mt refers to middle-time. Here, K, = (1 4+ )/
(2/7) e P2, while the values of n and & are obtained numerically:
n ~ 0.298, while & depends on the method used to compute w(f). If
the second moment of R is used, & &~ 1.37, whereas if the width at
half of the maximum value is used, & ~ 3.11."'°

Note that the expression for x4(f) is identical in both short- and
middle-time regimes [see the red dashed line in Fig. 2(a)]. Similarly,
wg(t) and Ry(#) [Eq. (6)] are shown in Figs. 2(b) and 2(c) as light
blue dashed lines, while w,,(t) and R, (t) [Eq. (7)] are depicted by
red dashed lines.

V. REGIONS 11l AND IV: TRANSITION AND LONG-TIME
REGIMES

We now proceed to study the transition and long-time dynam-
ics beyond the Gélfi and Récz regime, where the finite size of the
domain influences the temporal evolution of the observables. We
perform the study of these two regimes simultaneously as they both
share the same analytical solution, as will be shown below.

A. Analytical solutions

We start our analysis by defining u,(x,f) = a(x,t) — b(x, )
and assuming equal diffusion coefficients for the species A and B
(8, = 1). Subtracting the two first equations in (2) and writing the
no-flux boundaries and initial conditions in terms of u;,, we obtain

pubs.aip.org/aip/cha

the following PDE system:
8tutr = afutr) 8)(”"(0) t) = axutr(L> t) =0,
uy(x,0) = 0(Lo — x) — y6(x — Lo). ®)

Equation (8) can be solved analytically by the method of separation
of variables™ to get

1+y(1—n

utr(x)t)=$
20+ D) o, . (7k mhx\ ()%
+ = kX:;k sm(n cos I e R

where the subscript #r stands for “transition” and n = L/L,.

B. Temporal scalings

We now proceed to calculate the scalings of the observables in
regions IIT and IV applying the scaling theory of Galfi and Racz using
the analytical expression of u(x, ) [Eq. (9)].

1. Reaction front position

We note that asymptotically, ie., for t— 0o, u,(x,00)
= [1+ y(1 — n)]/n is a constant. Therefore, for a given geometry
of the domain, i.e., a given n > 1, u,(x,00) > 0 when y < y, where

1
n—1"

Ve = (10)
In this case, all the reactant B will be consumed by A, and the reac-
tion front position will, thus, move from x; =Ly att =0toxy =1L
when t — oo. This happens because at t = 0, the number of moles
of A is larger than the number of moles of B. Similarly, when y > y,,
all the reactant A will be consumed by B, and the reaction front posi-
tion will move from x; = Ly at t = 0 to x; = 0 when t — o0o. On the
contrary, when y = y,, the total number of moles of species A and
Bare equal at ¢ = 0, and the reaction front reaches a stationary posi-
tion x7 in the long-time regime (region IV) after the transition zone
(region III). This is easily seen if we say that the numbers of moles
of A and B are equal for a given L,
by Lo

athQ = boh(L - Lo) = y = a— = i3 I s
0 — Lo

(1mn

where h is the height of a hypothetical rectangular geome-
try. As we defined the total size of the simulation domain as
L = nL,;, we obtain that A and B are initially having the same
amount of molecules if y = y,, where

Lo Lo 1

TL-L, nly—L, n-1

Ye (12)
which is the same expression (Eq. 10) obtained analytically.

To find this stationary position, we need to solve u,(x},t) =0
with ¥ = y.. If we keep only the dominant term for ¢ >> L?/(47?)
in the sum of Eq. (9), i.e., the term k = 1, we find that ut,(x}‘, =0
is equivalent to cos(nxj’fL) = 0 so that x}" = L/2. To determine how
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this asymptotic value of x¢ is approached, we need to consider addi-
tional terms in the infinite sum of Eq. (9). Actually, it is sufficient to
consider the first two terms such that

+ 1) e~ H@/D? T X
U (X, 1) =~ (VC)— (2@3“”/”2 sin (—) cos (—)
T n L

%1 2w x
+ sin (—) cos (—)) . (13)
n L

The equation u,(x},) = 0 can now be written as a second order
algebraic equation 27> + AT — 1 = 0, where T = cos(xs/L) and
A = &@/D’ / cos(r /n). The two solutions of this equation are given
by Ty = (—A £ VA2 + 8) /4. Assuming t > L?/(37?), so that A is
large, we can expand the expression of T as follows:

AL A1+ 4/4%)
+ ~ .

B (14)

Since we know that x; — x; = L/2 when t — 00, we also know that
T — 0 when A — oo. Therefore, when A > 0, (n > 2), T, is the
correct solution, and when A < 0, (1 <n < 2), T_ is the correct
one. In both cases, we obtain T = cos(wx;/L) = 1/A at the leading
order. The solution reads

L 1 L L L L b4
x4 (t) = —arccos | — | ® = — — = = — = cos (—) e~3/L?
b4 A 2 mwA 2 &

n
(15)

where we have expanded arccos(1/A) since A 3> 1. This represents
the expression of x(t) for the transition and long-time regimes in a
finite system.

Equation (15) shows that, when the initial ratio of concentra-
tions is set to y,, the reaction front reaches a stationary position at
x; = L/2in the long-time regime, whatever the size of the finite sys-
tem and the initial position L. In other words, for a finite system
of length L, if the initial contact line between A and B is located
at Ly = L/n, there exists a critical ratio of initial concentrations
¥. = 1/(n — 1) such that the initial number of moles of A equals
that of B. Under these conditions, the front evolves toward the sta-
tionary position x; = L/2 at the center of the domain. This behavior
contrasts with infinite systems, where, except for n = 2, the front
moves indefinitely toward the less concentrated reactant, following
the Gélfi and Récz scalings [Eq. (7)]. This difference can be observed
in Fig. 3(a) for various domain sizes. In the long-time regime, the
stationary position of the front at x; = L/2 can be understood
physically: the diffusive fluxes of the reactants (J, = —da/dx and
Jy = —0b/0x) at x = x are equal in magnitude but opposite in
direction, ensuring that the supply of both reactants to the reaction
zone is balanced and thus maintaining the front at the center of the
domain [see Fig. 3(b)]. Finally, Eq. (15) not only predicts the final
stationary position x7, but also describes how x(#) approaches x;
during the transition regime. This dynamical evolution is illustrated
in Fig. 3(c), which shows x/(f) across all time regimes and compares
it with the analytical scalings.

ARTICLE pubs.aip.org/aip/cha

2. Maximum and width of the production rate

To compute R(f) and w(f) in the transition and long-time
regimes, we follow the same approach as Gélfi and Racz,'® adapted
to our finite geometry. We summarize the most relevant results,
while all the derivations in the scaling analysis are detailed in the
supplementary material. We start the analysis expanding u,,(x, t)
around the front position x/(t) and study its behavior in the center
of the reaction front,

U (%, 8) A (x — x¢(8)) O (X, 1) |- (16)

Using the leading first term (k=1) in Eq. (9) and considering
y = ¥., we obtain

2 - (3) 2 in (Z
uy, (x, t) & —K,, (x — xf) e \) ', Ky,=—(y.+ 1)sin (—) .
L n

(17)
We introduce the following scaling ansatz for the species A:
X — X
a(z 1) =gG(2), z= Ol (18)
where it can be shown that
fiy =D gy = 3E (19)

Applying the boundary conditions for a(z) and assuming that the
analysis is done in the transition regime where w(f) < L (see the
supplementary material for more details), we obtain a nonlinear dif-
ferential equation for G(z) identical to that of infinite systems from
Gilfi and Récz,

G'(2) = G(2)* + K, 2 G(2). (20)

Solving Eq. (20) numerically and combining with the results from
the previous steps, we observe that the maximum production rate
and width in the transition regime scale as

Ro()) = K e 3B, wo = ek, 1)

where 7 and £ are the same values as the medium-time regime
expressions [Eq. (7)]."'¢ Intermediate steps and further mathemati-
cal details are provided in the supplementary material.

From Egs. (15) and (21), we see that in the transition and long-
time regimes, the three main observables of the reaction front are a
function of the geometric parameters n (through the expression of
K;) and L. Figure 4 compares the numerical computation of w(t)
and R(f) with their corresponding analytical expressions for all the
described regimes.

VI. TRANSITION TIMES

As we have now obtained analytical expressions for the observ-
ables Xp W, and R in each temporal regime, we can proceed to
calculate the transition times between these regimes. We define the
transition times as the times when the reaction front switches its
dynamics from one regime to another. In this context, it is partic-
ularly relevant to analyze how these characteristic times depend on
the values of the parameters, especially in the long-time regimes.
Therefore, we define fi .y and tigms as the times at which
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FIG. 3. (a) x(f) in the transition and long-time regimes for different finite sizes L = nLy, with L, = 300 when y = y, = 1/(n — 1). In this temporal regime, the reaction
front remains stationary at x; = L/2 = nL,/2. (b) Plot of the magnitude of the diffusive fluxes of the species A and B as a physical interpretation of x;. In the long-time
regime, the front is stationary at the position where J, = |J,|. The spatial fluxes J, and J, were obtained from the numerical simulations. (c) Log-log plot showing all the
temporal regimes of x; — L for n = 4 (black solid curve). The blue dashed line corresponds to the short- and middle-time regime [Eq. (6)]. The green and red dashed lines
correspond to the transition and long-time regimes, respectively [Eq. (15)]. Inset ¢; shows a closer view of the transition region. The vertical black dashed lines indicate the
times when the system switches from the medium to the transition regime (see Sec. \/I for more details).

the observables i = x, w, R transition from the short- to middle-
time regime and from the middle- to transition regime, respectively.
Additionally, we define t* as the time at which w(f) = w* =L, i.e,,
the time at which the front has invaded the whole system. To char-
acterize these transition times, we assume y = y,. and analyze the
points at which the analytical expressions for the short-, middle-,
and transition-time regimes become equal or as close as possible in
time (see Figs. 3 and 4). We first focus on the transition times of w(t)
and R(?). Since these observables exhibit well-defined scaling behav-
ior in all temporal regimes, it is possible to determine all relevant
transition times analytically. In particular, we obtain f,(;—m and
trist—-mey DY equating wy, and Ry [Eq. (6)] with their corresponding
middle-time regime expressions [Eq. (7)],

"
2
trist—mn = K3, [7] .

(22)

3

£ _
tw(st%mt) = 1—1 Kmtl’
4erf” (75)

Equation (22) is valid for any y. Because the reaction front is far
from the system boundaries in these regimes, both transition times
are independent of the geometric parameters.

For the middle-to-transition regime, the analytical scalings do
not intersect. Instead, we estimate the transition time by evaluating
when the two expressions are closest. To do so, we define the func-
tions H, (t) = wy(t)/wy(t) and Hr(t) = R, (t) /R, (t) and identify
the transition times as the moments when these functions reach their
minimum values [see Fig. 5(a)]. This approach is necessary because,
as shown in Fig. 5(b), H, () and Hg(f) remain greater than one and
never cross the value of unity, indicating that the middle- and long-
time regime expressions do not intersect in time. By solving for the
minima of these functions, we find that both observables share the
same transition time,

L2
tw(mt%tr) - tR(mt%tr) - 27_[2 . (23)
Finally, we determine t* as the time at which w,(f) = L. Solving this
condition yields

12 KL
= 3Fln< ‘é ) (24)

In contrast to Eq. (22), the transition times associated with the long-
time regimes depend explicitly on the system size via the factor
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L? /7. The transition times of w and R are indicated by black vertical
dashed lines in Fig. 4.

We now proceed to study x(t). For this observable, there is only
one relevant transition time, ¢y, since the short- and medium-
time regimes share the same analytical expression [Egs. (6) and (7)].
Furthermore, it is not possible to define a transition time for the
long-time regime in this case, as x = L/2 is only reached asymp-
totically in the limit t — oo [see Eq. (15)]. To compute tymes)
analytically, we refer to Fig. 3(c), where the different scalings of
x for n =4 are compared. We first observe that there is a time
where xg,,¢(£) = x4 (t). However, this occurs well before the actual
transition region. Moreover, even if this time is taken as a rough
approximation for the transition time, the resulting equation is
transcendental and, thus, does not yield an analytical solution. For
these reasons, we do not consider this intersection as the transition
time. Instead, we estimate the transition time for x; by solving the
equation Xz, (t) — Ly = & |xz,(t) — L/2|, where « is a proportion-
ality constant used to adjust the value. For simplicity, we set o = 1
[see Fig. 6(a) for a graphical interpretation of the equation]. This
equation admits a well-defined analytical solution given by

t = —LZ Wo (M(n)), M(n) = 3 ) (% 2 (25)
x(mt—>tr) n)), n - )
=t = gz O 2 \erf! (—";2)

where W, denotes the principal branch of the Lambert function,
which solves x = ye’. Equation (25) provides a consistent and accu-
rate estimation of the transition time, valid for any n > 1 (except
for n = 2, where tyu 1) lacks of any physical meaning), as shown
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FIG. 5. (a) Graphical interpretation of the transition times tyst—mt and trest—ms)
using the functions H,, (f) = wy, () /Wm(t) and Hg(t) = Rpnt(t) /Ry (), respec-
tively. Both curves attain their minimum at t = L2 /272, (b) Zoomed view around
the transition region, showing that Hg(t) > H, () > 1 and confirming that the
middle- and long-time analytical expressions never cross in time. In these plots,
n=3,y = y,and Ly = 300.
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the values where tem 1 = L%/(67%).

in Fig. 6(b). In particular, we note that for n ~ 1.24 and n ~ 5.12,
tx(mt—)tr) - Lz/(6n2)-

Despite the differences between the analytical expressions of
the temporal scalings, it is noteworthy that all the resulting expres-
sions preserve the characteristic scaling with L? /2. This recurring
spatial dependence suggests a certain universality determined by the
finite system size.

VII. EFFECT OF VARYING THE RATIO OF INITIAL
CONCENTRATIONS

We now analyze how varying y affects the dynamics of the
reaction front. In this section, we present a general criterion to pre-
dict the direction of motion of the reaction front when y differs from
the critical value y,, thereby extending previous results obtained for
infinite geometries.'*"”

Several studies have addressed the influence of y on the
position of the reaction front in the short- and medium-time
regimes.'>*>*>** In these works, it has been shown that, in infinitely
extended systems, the front remains stationary at the initial con-
tact position (x = 0) only if y = 1 and §, = 1. Otherwise, the front
moves to the left or right of x =0 if y is greater or less than 1,
respectively.'® These results for the short-time regime hold for any
y and any geometry, as boundary effects are negligible. However,
we showed that, to observe a stationary front position in the long-
time regime, it is necessary to set y = y,. Under this condition, the
criterion described for the short-time regime becomes a function of
the geometric parameter n: the reaction front moves to the right or
left of x = Ly for n < 2 or n > 2, respectively.

Let us now focus on the long-time regime. For y = y., x;(¢) will
eventually reach a stationary position at x = L/2 after the short and

middle times. We can summarize this general dynamics as follows:
if the total number of moles of A initially exceeds that of B, the front
moves to the right; if B is in excess, it moves to the left; and if both
are equal, the front moves toward the center of the domain. If it is
already initially centered (n = 2), it remains stationary.

We next consider the case y = y,, where the front does not
reach a stationary position. To investigate this, we use the general
solution u;,(x, t) to predict the direction of movement of the reaction
front with respect to the stationary position xf = L/2. From Eq. (9),
retaining only the k = 1 term, we obtain

1-Z 2 T
Uy (x, 1) ~ Tyc + ;(V + 1) sin (%) cos (?) (1) (26)

Solving uy,(x, t) = 0 yields x,,(t), and differentiating with respect to
time leads to

LA

c

X (B) = —B(0) ( ) . B >0, (27)
which shows that the sign of x;, () depends only on the factor
(¥/ve — 1). Thus, the analytical expression predicts that the front
moves away from its stationary position x} to the left for y > y,
to the right for y < y,, and it remains stationary if y = y.. This
analysis demonstrates that any deviation of y from y, will cause the
reaction front to move away from its asymptotic stationary position
xf* = L/2, as illustrated in Fig. 7(a). Numerical simulations confirm
this prediction. This result generalizes previous findings for infinite
systems and provides a general criterion to predict the direction of
the front in the long-time regime.'®*>%*

These results also highlight the interplay between short- and
long-time behaviors. For y & y,, the initial movement of xg(t)
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FIG. 7. Dynamics of x;(f) as a function of y. (a) For y = y,, the short-time dynamics is controlled by the geometric parameter n, while the final position in the long-time
regime is set by the value of y relative to y;. (b) When y deviates from y, the short-time dynamics dominates and the front rapidly moves away from any equilibrium
position. For » = 1, the front remains temporarily stationary at L, until the limiting species is depleted; for y = ys, the front eventually moves to x; in the long-time regime.
Plot (b) (for n = 3) is shown on log scales to highlight the short-time regime. In both (a) and (b), L, = 300, and time is normalized by the total simulation time () for better
comparison. (c) Short-time dynamics of x;(f) as a function of the initial concentration of the limiting species. Horizontal and vertical dashed lines indicate the last tracked
position of x; and the corresponding time, respectively. The time for which the front remains at its initial position increases with the total concentration of the limiting species,
which in this case is proportional to Ly. All cases correspond to n = 3 and y = 1. Curves have been shifted to the initial position for a better comparison.

depends only on the initial position L, (which fixes n = Ly/L) as
seen at earlier times in Fig. 7(a). Thus, if n =2, y, = 1 and the
front does not move while as soon as n # 1, y. # 1, the front
moves toward the less concentrated reactant. In contrast, the asymp-
totic position in the long-time regime is governed by Eq. (27) and
depends on the exact value of y. Therefore, the direction of motion
in the long-time regime is independent of the initial direction in
the short-time regime. By varying y, it is possible to induce non-
monotonic front dynamics even if diffusion coefficients are equal,
as illustrated in Fig. 7.

Let us now consider the case where y differs significantly from
¥.. In this scenario, the short-time regime dominates and the behav-
ior of x/(t) is determined primarily by the value of y. Specifically,
the front moves to the left, right, or remains at L, (for a limited
time), depending on whether y is greater than, less than, or equal
to 1, respectively [see Fig. 7(b)]. For y = 1, one might expect the
dynamics observed in infinite domains to be recovered as the sys-
tem size increases.'>'" However, except for n = 2 (where species are
distributed symmetrically), there is always a limiting reactant on one
side of x = Ly. As the reaction consumes this limiting species, a flux
imbalance develops and pushes the front away from L, toward the
boundary. Increasing the total concentration of the limiting species
increases the time during which the front remains at its initial posi-
tion. In the limit |x| — oo, there is no limiting species, and x4(t)
remains fixed at L. Figure 7(c) compares x(t) for different total
lengths L of the domain when n = 3 and y = 1. As shown, the time
during which the front remains at L, is proportional to L and the
fact that the front does not move as y = 1 is recovered in the limit
L — oo (the Gélfi and Ricz case)

Finally, we can analytically demonstrate that the only situation
in which the front remains indefinitely at its initial position is when

x}“ = Ly, which requires nL,/2 = Ly, or, equivalently, n = 2. For any
other value of n, even if y = 1, the front will eventually leave L, once
the limiting species is consumed (see Fig. 7).

VIIl. DISCUSSION

We now discuss the feasibility of observing the transition and
long-time regimes in real systems. As an example, consider a fast
A+ B — C reaction with a kinetic constant of k =200 M~'s™"
and diffusion coefficients Dy = Dy = D¢ = 3 x 1072 m?/s. These
values are chosen as generic parameters of a representative well
studied bimolecular reaction front.”” For a small capillary of length
L = 3 cm, with Ly = 1 cm and initial concentrations A) = 1M and
By = 0.5M (n = 3), the reaction front would enter the transition
regime after approximately 3 h and reach the stationary position x}
after about 15h. It is important to note that the dimensional tran-
sition times scale with L2/D, indicating that these times depend
exclusively on the diffusivity of the reactants, while the reaction
kinetics become irrelevant in the long-time regime. Consequently,
the transition and long-time regimes could be observed more rapidly
in experiments where the reactants diffuse faster, either due to the
nature of the molecules or the properties of the medium.

Note that the applicability of our findings is not limited to
chemical reactions in liquid or gel media. Similar reaction-diffusion
dynamics of the A + B — C type are relevant in a variety of other
fields, such as ecology (e.g., the spatial spread of populations or
diseases), materials science (e.g., pattern formation during syn-
thesis in porous solids or gels), and developmental biology (e.g.,
morphogen gradients in tissues). In these contexts, the relevant
timescales can be different, or the transport processes may be con-
trolled to make the different dynamical regimes accessible. Thus,
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the theoretical framework and analytical results presented here may
provide insights that extend far beyond purely chemical applica-
tions. In particular, these considerations highlight the direct appli-
cability of our finite-geometry scaling laws to realistic experimental
systems and interdisciplinary contexts where confinement plays a
key role.

More extensively, the existence of transition and long-time
regimes could play a key role in any process modeledby A + B — C
kinetics, particularly in finite domains or under time-dependent
conditions. Our results contribute to understand reaction-diffusion
fronts not only in rectilinear but also in other types of finite
geometries, and under external constraints that could impact front
propagation.

IX. CONCLUSIONS

We have theoretically investigated the effect of finite geome-
tries on the dynamics of A + B — Creaction fronts. We have shown
that, depending on the initial values of the parameters, the front
dynamics can differ from those described for infinite systems or
from the special case where the reactants are initially positioned at
the geometric center of the domain (n = 2).

We identified the existence of a critical initial concentration
ratio, y,, that controls the dynamics of the reaction front at long
times. When y = y,.and n > 1, the reaction front exhibits two addi-
tional temporal regimes, the transition and long-time regimes, that
extend the dynamics described by Galfi and Racz. By extending
scaling theory, we derived analytical expressions for these regimes
and demonstrated their dependence on the values of the geometric
parameters. In the transition regime, observables vary exponentially
with time, while in the long-time regime, the location of maximal
production rate Rq(x,t) = ab converges to the stationary position
xf =1L/2.

By comparing short- and long-time regimes, we have charac-
terized the influence of varying y on front dynamics, generalizing
the classical analysis for infinite domains and providing new crite-
ria to predict the direction of front propagation based on the initial
concentration ratio. The critical role of y, in the non-monotonic
long-time behavior of x} has also been highlighted.

It is important to note that the present model relies on certain
simplifying assumptions, such as irreversible reaction, equal diffu-
sion coefficients for all species, and the absence of convective'’ or
external effects. In real systems, deviations from these assumptions
may lead to qualitatively different dynamics, especially over long
timescales or in more complex environments. Future work could
address these factors by considering reversible reactions, unequal
diffusivities, or the influence of external fields, boundary fluxes, or
fixed concentrations in rectilinear, radial, or even spherical finite
geometries.

Overall, this study provides a theoretical framework for under-
standing and predicting the behavior of A + B — C reaction fronts
in finite systems, opening the door to a wide range of future investi-
gations and applications in both fundamental and applied contexts.

SUPPLEMENTARY MATERIAL

See the supplementary material for a detailed version of the
scaling analysis presented in Sec. V B 2.
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