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(Received 26 March 2024; accepted 16 October 2024; published 21 November 2024)

Oscillatory kinetics coupled to diffusion can produce traveling waves as observed in physical, chemical,
and biological systems. We show experimentally that the properties of such waves can be controlled by fluid
stretching and compression in a hyperbolic flow. Localized packet waves consisting in a train of parallel
waves can develop due to a balance between diffusive broadening and advective compression along the
unstable manifold. At a given distance from the stagnation point, the parallel waves transform into planelike
waves and smeared waves where the transverse parabolic flow profile disturbs the patterns in the gap width.
Once a wave packet has been obtained, it imprints a privileged direction that is maintained even if the
compression rate is decreased. The width of the wave packet then scales inversely with the compression rate.
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Chemical waves, i.e., concentration modulations propa-
gating in a reaction-diffusion (RD) system, are typical
spatio-temporal self-organized structures observed in
chemical [1–3] and biological systems [4–6]. In an excit-
able regime, waves also have applications in neuronal
dynamics [7] or electrical activity of the heart [8–10], for
instance. Their direction, wavelength, and frequency may
encode functional information; hence, there is a broad
interest in being able to control them [11–13]. In that
respect, strategies to target specific wave dynamics have
been devised using systems as diverse as DNA-based
chemical reaction networks [14], light-sensitive media
[15,16], or complex geometries [17], to name a few. In
parallel, several studies have also demonstrated the influ-
ence of advective transport on wave formation [18–21]. In
particular, complex wave dynamics under advection have
been observed, for instance, in cellular flows [22–26] and
Faraday waves [27]. Active interplay between oscillating
reactions and convective instabilities have also demon-
strated how chemohydrodynamic interplay can modify the
properties of waves [28,29].
Localized oscillatory regions and wave packets have been

observed under some conditions in oscillating RD systems in
absence of flow [30–33]. Such wave packets extend the
potential for applications such as sending and storing
directional and quantitative information. Here we investigate
how RD waves can be controlled by fluid stretching and
compression. To do so, we consider hyperbolic flows, which
are characterized by constant stretching and compression.
They are a model system for a wide variety of natural flows
with stagnation points and perpendicular stable and unstable
manifolds that serve as transport barriers [34]. In the vicinity
of the stagnation point, fluid elements experience exponen-
tial compression and elongation enhancing mixing and the
yield of chemical reactions [35–38]. Specifically, we show

experimentally that injecting solutions of an oscillating
reaction in a hyperbolic flow generates a localized wave
packet, i.e., a zone of finite and constant width in which
aligned plane waves propagate. We show how the properties
of the wave packet can be controlled by the compression rate
in the fluid flow.
The reactive solution is an aqueous solution of the

bubble-free Belousov-Zhabotinsky-1,4-cyclohexanedione
(hereafter BZ-CHD) oscillating reaction with concentra-
tions ½NaBrO3�¼0.0850M, ½NaBr�¼0.0285M, ½Ferroin�¼
0.4mM, ½1; 4-cyclohexanedione� ¼ 0.18 M, ½Na2SO4� ¼
0.0750 M, and ½H2SO4� ¼ 2.54 M [28,39,40]. These spe-
cific concentrations were chosen to induce chemical waves
with frequency and wavelength compatible with our
experimental setup. The latter consists in a reactor made
of two 110 mm × 110 mm plates of polymethyl methac-
rylate (PMMA) separated by a thin gap of 0.5 mm. To
create a hyperbolic flow with constant stretching and
compression rates, the inner boundaries of the reactor
are shaped following the equation y ¼ �100=x (in mm
scale) with a pair of inlet and outlet ports positioned at
opposite branches of the cell [Fig. 1(a)]. The reactive
BZ-CHD solution is injected at a given flow rate Q from
both inlets. The velocity v⃗ ¼ ðvx; vyÞ in the cell is given by
vx ¼ γx, vy ¼ −γy, where x and y are, respectively, the
horizontal unstable and the vertical stable manifold direc-
tions and γ is the compression rate, which is the control
parameter of the mixing problem [41]. Except in the
vicinity of the boundaries, γ is constant everywhere in
the cell and equal to γ ¼ ∂vx=∂x ¼ Q=Al (s−1), where A is
the area of the inlet and l is half the distance between the
injection points [see Fig. 1(a) and Supplemental Material
(SM), Sec. I, for details on the experimental setup [42] ].
In the absence of flow (γ ¼ 0), the BZ-CHD RD system

features spatiotemporal traveling target patterns produced
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by a positive (autocatalysis) and negative (oxidation of the
brominated CHD) feedback dynamics through a redox
mechanism [Fig. 1(b)] [39,43,44]. The no-flux boundary
condition at the rim of the reactor tends to orient the waves
locally perpendicularly to the walls, i.e., with their wave
vector k⃗ perpendicular to the wall normal vector n⃗. The RD
pattern is characterized by the wavelength wb ¼ 0.7 mm,
driven by the kinetics and diffusion, leading to a size of the
black or white bands sc ¼ wb=2 ¼ 0.35 mm. The chemical
wave speed is approximately c ¼ 0.11 mm=s (see SM,
Sec. II [42]).
When the hyperbolic flow is turned on (Q ≠ 0), the

injection along y and outflow along x set the preferred
directions along which waves tend to align. At low Q and
hence low compression rate γ [Fig. 1(c)], waves with no
preferred direction develop in the central zone, in the
vicinity of the stagnation point where jv⃗j ¼ 0 (see inset).

Close to the inlets and outlets where the velocity is largest,
waves are smeared due to the parabolic flow profile
between the two cell plates [45], and irregular patchy
patterns are observed to align along flow streamlines. In the
transition zone between the central irregular RD waves and
the outer smeared waves, low-curvature patterns, i.e.,
slightly bended waves, referred to here as planelike waves,
propagate outward [inset in Fig. 1(c); schematics shown in
SM, Fig. S4 [42] ]. Such planelike waves are typically
observed for lower values of the compression rate (see SM,
Sec. III [42]).
At higher compression rates, the waves align horizon-

tally with a constant wavelength, i.e., with their wave
vector k⃗ parallel to the y⃗ direction of the stable manifold
[Fig. 1(d)]. They form a localized wave packet of finite
width and zero group velocity. Within this wave packet,
new waves appear close to the horizontal middle of the cell,
propagate outwards along y to both sides, and disappear in
the planelike wave zone, itself in contact further away with
smeared waves [Fig. 1(d) and movies with explanations
in SM, Sec. IV [42] ].
The wave packet composed of plane waves is formed

when the compression rate γ is larger than a threshold value
γc. To determine γc, we initially inject the reacting solution
at a low compression rate of 8.33 × 10−3 s−1 for more than
twice the volume of the cell. Then, we increase the
compression rate by steps of Δγ ¼ 2.8 × 10−4 s−1, up to
11.1 × 10−3 s−1. The time intervals between changes in
compression rate are 60 s, allowing for the flow and
chemistry to stabilize every time. As the compression rate
increases, the mixture of random and planelike waves
present in the central part of the reactor [Fig. 1(c)] is
replaced by plane waves [Fig. 1(d) and SM, Sec. III [42]).
In order to characterize the transition, a middle rectangle is
cropped around the stagnation point on the images and the
image intensity is averaged along the x axis [Fig. 2(a)]. For
the analysis of the experiments, we set that the wave packet
is present in the zone where the averaged image intensity
renormalized by its maximal amplitude exceeds 0.4 and
features regular spatial oscillations over space and time.
Figure 2(b) shows the emergence of a wave packet at
γ ¼ 9.4 × 10−3 s−1 and its persistence when γ is progres-
sively increased. Space-time (ST) maps of the dynamics
can be constructed by piling up the image intensity along
the central line of either x or y directions. The signature of
the wave packet corresponds to regular stripes on the x − t
map and outward propagating regular zones on the y − t
map [Fig. 2(d)]. This contrasts with the more irregular ST
signature of planelike waves [Fig. 2(c)].
The formation of aligned plane waves in the center of

the cell may be understood as a result of a competition
between diffusion and compression. Under constant
stretching, diffusive broadening and compression balance
at the Batchelor scale sb ¼

ffiffiffiffiffiffiffiffiffi

D=γ
p

[41]. Hence, diffusion
dominates at scales smaller than sb. When sb is much larger

FIG. 1. (a) Schematics of the experimental setup. Two pairs of
inlet and outlet holes of 4 mm in diameter are fit to the channel
size. The dotted circle in the geometric center of the cell indicates
the position of the stagnation point. The inlets and outlets are
separated by 50 mm from the stagnation point. The arrows
indicate the flow direction. “Stable” and “Unstable” stand for the
stable and unstable manifold, respectively. (b) Experimental RD
target patterns in absence of flow. The blue and green arrows
represent the wave vector k⃗ and the vector perpendicular to the
boundary n⃗, respectively. (c) Experimental reaction-diffusion-
advection (RDA) structure at the lowest compression rate
(8.33 × 10−3 s−1). The yellow dotted lines show the frontier
between the outer smeared wave zone and the inner irregular
waves. The inset shows the planelike waves around the stagnation
point. (d) RDA pattern at the highest compression rate
(27.8 × 10−3 s−1). The lines separate the outer smeared wave
zone from the inner plane waves with the inset focusing on the
zone around the stagnation point.
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than the characteristic size sc of the RD pattern, RD
patterns with irregular waves like in Fig. 1(c) can develop
by diffusion at the center of the cell. Conversely for sb ≤ sc,
classical RD patterns cannot form within the Batchelor
scale, and the oscillator is confined at the center of the cell,
with concentrations being uniform along x due to stretch-
ing. The resulting oscillations propagate outward until they
get smeared by shear in the vertical direction, as discussed
further below. The critical compression rate for the tran-
sition to wave packet is thus

γc ¼ D=s2c: ð1Þ

Taking D ¼ 1.2 × 10−3 mm2 s−1 as the average diffusion
coefficient of the BZ-CHD species [46] and sc ¼ 0.35 mm
as estimated above in the absence of flow, we obtain
γc ¼ 10−2 s−1, which is close to the compression at the

transition γ ¼ 9.4 × 10−3 s−1 [Fig. 2(b)]. For γ > γc, the
wave vector k⃗ of the pattern (here the planar waves) hence
aligns along the direction of the compressing gradient of
velocity [Fig. 1(d)].
Once a wave packet has been obtained, it imprints a

privileged direction that is maintained even if the com-
pression rate is decreased below γc. Starting at a large
compression rate, γ ¼ 2.8 × 10−2 s−1, and decreasing γ by
steps Δγ, the width of the wave packet increases (Fig. 3), as
also observed in the average image intensity [Fig. 4(a)].
The direction of the waves can be seen on the ST maps. The
ðx; tÞ ST maps along the unstable manifold [left panels on
Fig. 4(b)] show relatively straight stripes. Waves appear
close to the middle of the cell and then propagate toward
both sides on the ðy; tÞ ST maps of the stable manifold
[right panels on Fig. 4(b)]. Outside the undisturbed central
zone of aligned plane waves [delimited by the orange

FIG. 2. (a) Image processing of the experimental pattern at γ ¼ 10.8 × 10−3 s−1. (b) Averaged image intensity as a function of y for
increasing compression rates γ. (c),(d) Space-time maps of the dynamics along x (unstable manifold, left column) and y (stable manifold,
right column) directions, for (c) γ ¼ 8.33 × 10−3 s−1 in the absence of wave packet and (d) γ ¼ 10.8 × 10−3 s−1 with wave packet
(within the red dotted rectangle).

FIG. 3. Pattern formation when the compression rate is decreased stepwisely. Compression rate of (a) 8.33 × 10−3 s−1;
(b) 1.39 × 10−3 s−1. The orange dotted lines delimitate the wave packet while the zone between the orange and blue lines encompasses
the planelike waves. Smeared waves are observed outside the blue dotted lines. (c) 1.75 × 10−4 s−1. The yellow arrows represent the
velocity vectors v⃗ (shorter arrows represent smaller velocity); the blue arrow represents the wave vector k⃗.
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dotted lines on Fig. 3(b)], there is a disturbed zone of
planelike waves with low curvatures and some defects
(between the orange and blue lines) that operates the
transition toward the smeared zone [outside the blue lines
in Fig. 3(b)]. We measured the width of the undisturbed and
disturbed wave zones as a function of γ while decreasing
the compression rate. We find that these widths scale as γ−1

at high and intermediate γ [Fig. 4(c)]. As they approach
the size of the cell, for compression rates smaller than
3 × 10−3 s−1, they transit to a different regime, likely
influenced by the boundary conditions [Fig. 3(c)].
In the smeared zone [region outside the blue dashed lines

in Fig. 3(b)], highly irregular patterns result from the
deformation of the chemical waves by the parabolic flow
profile of the fluid velocity between the plates of the
cell [45] (schematics in SM, Fig. S5 [42]). This deforma-
tion is significant if the y component of maximum fluid
velocity of the parabolic flow profile, vm;y, is of the order
of the chemical wave speed in the stagnation zone,
c ¼ 0.076 mm=s, which does not vary much with γ
[SM, Fig. S6(b) [42] ]. The maximum velocity vm;y ¼
1.5vy, with vy ¼ γyi, the y component of the fluid velocity
averaged over the height of the cell, is evaluated for each γ
at the location yi of the interfaces between different wave
regimes [i.e., at the position yi of the blue and orange dotted
lines in Fig. 3(b)]. We find that vm at the interface between
the smeared and the disturbed wave zones is close to the
average chemical wave speed at intermediate and large
compression rates [Fig. S6(a) in SM [42] ]. This confirms
the origin of smearing at high velocities. Note that this does
not hold for low compression rates as the wave zones are
disturbed by the traveling waves close to the boundary
[Fig. S6(a) in SM [42] ]. In the central zone, the flow speed
is small enough so that the deformation of the chemical
wave by the parabolic profile is negligible.

We investigated the effect of fluid stretching and com-
pression on pattern formation of the bubble-free BZ reaction-
diffusion system in a hyperbolic flow imposing a constant
stretching and compression rate. Increasing the compression
rate, we observed a transition from random waves toward
a wave packet composed of parallel plane waves above
a critical compression rate γc. The alignment of the
plane waves along the unstable manifold is obtained when
compression overcomes diffusive broadening. When
decreasing the compression rate starting from plane waves
obtained at γ > γc, the memory of thewave packet created at
large compression is sustained. Thus, a widening wave
packet with a width scaling inversely to the compression rate
is obtained following the imprinted pattern of the initial
central wave packet. Further away, the plane waves trans-
form into smeared waves due to the parabolic flow profile
in the gap of the cell. Consistently with our experimental
results, wave packets are triggered when compression is
large enough to sustain a mixing scale smaller than the
characteristic size of the wave pattern. Therefore, this
phenomenon should occur in flows that exhibit locally or
globally exponential stretching. This is particularly relevant
for chaotic flows, which develop across a wide range of
contexts [41,47–50]. Shear flows, such as those at the center
of a vortex [51,52], produce linear stretching, which does not
maintain constant mixing scales as diffusion eventually
dominates over compression [53,54]. Therefore, we do
not anticipate the formation of similar wave packets in such
flows. Testing these hypotheses and generalizing these
results to other flows should be the subject of future work.
These findings underline the role of fluid stretching and
compression for controlling and localizing reaction-diffusion
waves under advection and pave the way to analyze the
influence of a hyperbolic flow on excitable waves [10] or
Aþ B → oscillator dynamics [28,29], for instance.

FIG. 4. (a) Average of the image intensity along y for different compression rates obtained as in Fig. 2(a). (b) S-T maps in x (unstable
manifold, left panels) and y (stable manifold, right panels) directions, for large γ (8.33 × 10−3 s−1; upper panels) and low γ
(1.8 × 10−4 s−1; lower panels). The red dotted rectangle shows the location of the wave packet. The red line in the lower right panel
traces one of the traveling waves. (c) Width of the undisturbed wave zone [within orange dotted lines in Fig. 3(b)] and disturbed
wave zone [within orange and blue dotted lines in Fig. 3(b)] as a function of compression rate. The solid line is the scaling γ−1. See SM
movies [42] for the quantification of the zone widths.
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