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1. Introduction

Bimolecular A+B—C reaction-diffusion fronts are commonly observed in a wealth of different dynamic
systems ranging from geology [1], biology [2] to economy [3], to name a few. Numerous theoretical studies
have characterized the properties of such fronts including that, for large times, the reaction front moves like
the square root of time and has a width of the order of time to the power of one sixth [4-12]. To validate these
theoretical studies, experiments have been typically carried out in gels or very thin capillaries by putting in
contact two miscible solutions of reactants A and B and following the dynamics of the product formed in
the contact zone [13—16]. These experiments have validated the theoretical scalings and have also evidenced
that the position of the bimolecular chemical reaction front can change directions once [14]. This position
is often defined as the position X; where the reaction rate R = kAB, with A and B the concentrations of
the respective reactant, reaches its maximum or, as in this work, the position of the first moment of the

* Corresponding author.
E-mail address: p.trevelyan@aston.ac.uk (P.M.J. Trevelyan).

https://doi.org/10.1016/j.aml.2023.108821
0893-9659/© 2023 Published by Elsevier Ltd.


https://doi.org/10.1016/j.aml.2023.108821
https://www.elsevier.com/locate/aml
http://www.elsevier.com/locate/aml
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aml.2023.108821&domain=pdf
mailto:p.trevelyan@aston.ac.uk
https://doi.org/10.1016/j.aml.2023.108821

S.C. Generalis, A. De Wit and P.M.J. Trevelyan Applied Mathematics Letters 146 (2023) 108821

production rate [17], namely

Xp="F—, (1)

— 00
where X is the Cartesian one dimensional distance from the gel interface.

For finite systems, complex dynamics can emerge [18] and, in particular, the position of the reaction
front can change directions twice in the miscible case when the diffusion coeflicients of species A and B
are unequal [19-21]. For this miscible case, a bifurcation diagram in the parameter space has identified the
number of times the reaction front changes direction [22].

The case of immiscible systems has, however, been less studied. In such systems, two different immiscible
solvents, each containing one of the A or B reactants are put in contact and A+B—C reaction-diffusion
fronts can then develop only after transfer of the reactants from one phase to the other. The problem
is more complex as a partition coefficient controlling the jump in concentrations at the interface due to
variable solubility in each solvent has to be introduced. Moreover, the A and B species may have different
diffusion coefficients in each solvent which enlarges the parameter space. Experiments show that complex
convective dynamics can be observed in solutions [23-27]. There is thus a need to analyse the properties of
the underlying RD A+B—C fronts to understand the specific new properties that the immiscible character
of the problem brings before studying the effect of convection.

In this context, we analyse here theoretically the properties of A+B—C reaction-diffusion fronts in
immiscible systems. In particular, using small and large time asymptotic results along with numerical
solutions, we examine the number of times a reaction front can change directions. We find that, in immiscible
systems, the front can change directions up to four times, which shows the rich new possible dynamics
introduced by transfer properties between two different phases. We characterize the RD concentration
profiles as a function of the parameters and delineate in the parameter space the possible number of direction
changes that such fronts can feature.

2. Physical model

Consider the case of two immiscible solutions placed next to each other at a planar interface located at
X = 0 for time T > 0. Each solvent contains a different reactant, either A or B. These reactants A and
B meet by transfer between the immiscible solvents at the contact line followed by diffusion and reaction
according to a bimolecular A + B — C reaction. The product C' will be ignored in the model as it does
not affect the position of the reaction front. We shall use superscript notation A® and B to distinguish
between the two solutions with ¢ = 1 denoting the left solution initially containing A (X < 0) and ¢ = 2
denoting the right solution where B is initially dissolved (X > 0). Hence we have the separated homogeneous
initial conditions

AM =4, BYD =0 for X <0 (2a)
A® =9, B =B, for X>0 (2b)

where Ay and By are the initial concentrations of reactants A and B, respectively. The mean field
approximation is assumed and the rate of reaction is thus given by R = k(Y A® B The kinetic constants
k™M) and k3 are constants that depend on the gel. Neglecting any convection, this model can be expressed
as the following system of one-dimensional reaction-diffusion equations:

AE;) _ D((Ii)Ag?X _ k.(i)A(i)B(i)7 (2¢)
B¥) _ Dl(f)Bgé)X I AOII0N-108 (2d)
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The reactant concentrations in the immiscible solutions are considered to be sufficiently dilute that the
molecular diffusion coefficients D((Li) and Dl()i) can be assumed constant but different in each solution. The
subscripts X and T denote partial derivatives with respect to space and time.

The difference between the solubility of A and B in each solvent can be characterized by partition
coefficients p, and p, which are constant at equilibrium. We assume that the transition of chemical species
between the two phases is fast enough such that adsorption and desorption kinetics can be neglected and

the partition coefficient can be taken as a constant at the interface, hence at X = 0 we have

AM B
Pa:ma pb:m~ (2e)
The interfacial flux balances are given by
The domain is considered sufficiently large that it can be treated as infinite, so we apply no flux far field
conditions:
Agp, D50 as X — —oo, (2g)
Ag?),B(Z) -0 as X —o0. (2h)

We non-dimensionalize this problem with the characteristic time and length scales using the kinetic constant
and diffusion coefficient of reactant A in solution 2, i.e.

1 \/p®
to = m and l() = Da to. (3)

We introduce the dimensionless variables © = X/ly, t = T/tg, a = A/Ao and b = B/Ap and dimensionless

parameters
s By 1) D R DX
=0 k= , 4= 1) r= (1)
Ay k2) D(2) Dz()l)

where ¢ represents the initial reactant concentration ratio, s is the ratio of the kinetic constants and ¢, r
and 7 are the square root of the diffusion coefficient ratios. It is then useful to transform the problem from
(z,t) to (n,t) using the similarity variable

77 =

g+
~

3. Asymptotic limits
3.1. Small time asymptotic limit

In the small time asymptotic limit we obtain
19 =157 () +0(1) (4)
where i equals 1 or 2 and I" represents a or b. The zeroth order solutions are given by [28]:

perfe(rn)

W _q_ etdel=an) @ _erfe@m ) _ gerfe(=rn) o
Q) — = ] P
+p, T

- ) - ) ’ b = -
T+pag " % patq’ 0 ppltaert’ P ¢

(5)

Note that these zeroth order concentration profiles for immiscible solutions depend on the six variables pg,
Py, ¢, 7, 7 and ¢.
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Fig. 1. Profiles of the reaction rate R against z illustrating two local maxima when Kk = ¢ = p, =p, =r =1, ¢ = 1.1 and 7 = 0.3,
at times ¢t = 0.02 (red), 0.04 (orange), 0.06 (yellow), 0.08 (green) and 0.1 (blue).

3.2. Small time mazimum reaction rate

The position where the reaction rate R is maximum was referred to as x,, by [22] in miscible systems.

However, in immiscible systems, using the small time asymptotic solutions in Egs. (5), it is found that there

can be up to two local maxima in the reaction rate. Therefore for clarity we use xS,? to denote the position
of the maximum local reaction rate in each solution. In solution 1, if #7! > p,q~2, then the position of the
reaction front is xS}) = 201/t where a; satisfies

A2

qe” O‘%erfc(—f"al) — pet’od [pa(f1 + erf(—qal)] , (6)

otherwise no local maximum in the reaction rate occurs in zone 1. In solution 2, if p, > #r~2, then the
position of the reaction front is zﬁﬁ) = 209/t where as satisfies
2 2 2

e2erfe(an) = r~te” 2 [py ir ! +erf(ras)] (7)
otherwise no local maximum in the reaction rate occurs in zone 2. Thus, the condition for two local maxima
in the reaction rate is

# < min(¢®p, L, r2pp). (8)

In Fig. 1, we illustrate reaction rate profiles with two local maxima, that satisfy Eq. (8), the parameter
values k =¢p=p, =pp =r=1,¢= 1.1 and # = 0.3, at times t = 0.02, 0.04, 0.06, 0.08 and 0.1.

3.3. Small time moments of reaction rate

The definition of the position of the reaction front given by Chopard et al. [17] in dimensionless variables
becomes 0 -
Tp= X 2\/2é where I, = / na(()l)b(()l)nmdn +/ aéz)b((f)nmdn.
lo Iy —oo 0
Using the small time asymptotic reactant profiles in Eq. (5) allows one to analytically evaluate these integrals

to yield the position of the reaction front

vy — t gpr + 1+ (r—rY)tan ' (r) — k[Zpaf " + 1+ (¢F7 — ¢ 7) tan™t (2)]
K(pa + V@ + 72 —7) +ip, V2 +1-1

™
4
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Notice, that the small time position of the reaction front x is independent of ¢. The reaction front is initially
stationary, i.e. zy = 0, when x = k. where

gfpljl + 14 (r—r~Ytan1(r)
Ke = )
© IpaflH 1+ (gF7 — g ) tan T (9)

(9)

If K > K, the reaction front initially moves backwards to the left (zone 1), whilst if x < k. the reaction
front initially moves forwards to the right (zone 2).

3.4. Large time asymptotic limit

In order to understand the dynamics of the whole system in time it is useful to know the large time
asymptotic limit for this problem. Previously [28], we found that for large times the position of the reaction
front is given by zy = 200/t. If 7 > ¢pq then o > 0 and « satisfies

re(’"2_1)a2erf0(7“oz) = ¢lg + paerf(a)], 10)

which, in the small « limit, yields the approximation

_ Vri(r — ¢q)
r+pa

Further, if r < ¢q then a < 0 and « satisfies

q¢e(q2_ﬁ2)o‘2erfc(—qa) = r + p, 'ferf(—ia), (11)

which in the small |a] limit yields the approximation

_Vmt(r — ¢q)

R T o
Py 72+ bg?
4. Numerical results

We can numerically solve the system of partial differential equations using a Crank-Nicolson finite
difference scheme. A finite domain was chosen to be sufficiently large as to not affect the results and the
mesh was chosen sufficiently fine that grid independent results were obtained. As this problem involves seven
dimensionless parameters (s, 7, ¢, py, ¢, 7 and p,) a full numerical parametric investigation is not feasible,
however, an extensive numerical investigation found that the behaviour of the direction of the reaction front
was much more exotic than the current literature presented it to be. In Fig. 2, we illustrate the position of
the reaction front against the logarithm of time using the parameter values in set S with ¢ = 2 for various
values of r where

2
Fig. 2 illustrates that the reaction front initially travels forwards, then backwards, and then if 4 < r < 4.267

1

we find that the reaction front again travels forwards, then backwards, and finally forwards again, meaning
that the reaction front has changed directions four times.

The small time asymptotic limit revealed that the reaction front initially moves forwards if x < k. where
ke is given by Eq. (9). Substituting the parameter values in set S into Eq. (9) yields k. ~ 0.7341, so when
% = 0.5 the reaction front will initially move forwards. Using the parameter values in set S, the large time
asymptotic limit reveals that the reaction front eventually moves forwards if r > 4.

5
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Fig. 2. Position of the reaction front z; against the logarithm of time, log;,(t), using the parameter values in set S and ¢ = 2 with
r varying from 4 to 4.3.

SSIN

Fig. 3. Bifurcation diagram of the (r, ¢) parameter space with the remaining parameters given in set S.

In Fig. 3, we illustrate the bifurcation diagram in the (r, ¢) parameter space when the remaining
parameter values are given in set S. Regions 0%, I, II*, III* and IVT correspond to the number of times
the reaction front changes direction and the + corresponds to the initial direction of the reaction front, with
+ denoting initially moves forwards and — denoting initially moves backwards. We also illustrate the ten
possible reaction front dynamics. The condition for a stationary reaction front in the small time asymptotic
limit can be obtained by solving Eq. (9) using the values in set S, which yields the critical value r, = 2.899.
If r < 2.899, the reaction front initially moves backwards, but if r > 2.899, the reaction front initially moves
forwards. The condition for a stationary reaction front in the large time asymptotic limit using the values
in set S is r = 2¢. If r < 2¢ the reaction front eventually moves backwards, but if r > 2¢ the reaction front
eventually moves forwards.
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If r < 2.899, for sufficiently large ¢ we are in region 0~ and the reaction front moves monotonically
backwards. Decreasing ¢ sufficiently moves us into region II™ where the reaction front initially moves
backwards, but changes directions twice and eventually moves backwards. If ¢ is decreased so that ¢ < 2r we
cross into the narrow region III~ where the reaction front initially moves backwards, it will change directions
three times and eventually move forwards. Decreasing ¢ sufficiently more we reach region I~ where the
reaction front initially moves backwards but later in time changes direction to move forwards.

If » > 2.899, for sufficiently small ¢ we are in region 0 and the reaction front moves monotonically
forwards. Increasing ¢ sufficiently moves us into region II™ where the reaction front initially moves forwards,
but changes directions twice and eventually moves forwards. If ¢ is increased sufficiently to reach region
IVT where the reaction front initially moves forwards, it will change directions four times and eventually
moves forwards. If ¢ is increased further so that ¢ > 2r we cross into region III™ where the reaction front
initially moves forwards, it will change directions three times and eventually moves backwards. Increasing
¢ sufficiently more we reach region IT where the reaction front initially moves forwards but later in time
changes direction to move backwards.

We notice that the parameter values in set S do not yield the region IV~ which is absent from Fig. 3,
however, by switching the roles or A and B we can create region IV~ but this would remove region IV*.

5. Discussions and conclusions

In this study, we have analysed the properties of A+B—C reaction-diffusion fronts when the reactants A
and B are initially dissolved in two different immiscible solvents. We find that, in this case, the reaction rate
can in some cases feature two local maxima and there are ten possible types of reaction front dynamics.
In particular, a reaction front can change directions four times. The main cause of this phenomenon is
differential diffusion in the two phases. Early indications suggest that the region where the reaction front
changes directions four times is located near the line r = g¢. The purpose of this study was to highlight this
exotic behaviour in the hope that there will be experimental studies to verify these unexpected predictions.
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