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We study the onset of coalescence between two slender structures quasi-statically withdrawn from a
liquid bath. When partially immersed, they interact with each other through the capillary force induced
by their menisci. As they are removed from the bath, their dry length increases and they become easier
to bend until the capillary force is strong enough to trigger contact. Surprisingly, the structures snap to
contact from a finite distance at a critical dry length. The transition to coalescence is thus subcritical
and exhibits a large hysteresis loop between two stable states. An analytical coalescence criterion
is derived and agrees well with experimental data for rods and lamellae. This simple elastocapillary
model is a first step to better understand the elastocapillary coalescence of slender structures in fluid

© 2022 Elsevier Ltd. All rights reserved.

1. Introduction

The aggregation of elastic structures by capillary forces is a
common phenomenon in both natural and man-made systems [1,
2]. It can be observed when wet hairs [3-5] or tarsal setae of
arthropods [6,7] aggregate into bundles, during nectar feeding
by some small animals [8-11] or during the spontaneous in-
drop spooling of spider capture thread [12], to name a few. In
technology, the capillary attraction between slender structures
may lead to disastrous damages in photo-resist lithography [13-
16]. Recently, this capillary attraction has been used to develop
complex self-assembling structures, such as helical clusters of
nanopillars, at scales where conventional manufacturing strate-
gies are hardly applicable [17-21]. Although the configuration
where the free ends of the structures are in contact has been
well characterized [3-5], as well as the evaporation effect on
aggregation [22,23] or the imbibition and fluid transport dynam-
ics in those structures [24-26], the necessary conditions for the
coalescence of slender structures withdrawn from a liquid bath
are not known to the best of our knowledge.

To study the onset of capillary aggregation of slender struc-
tures, we consider a model system composed of pairs of identical
rods or lamellae quasi-statically withdrawn from a liquid bath
and analyze under which conditions they coalesce (Fig. 1(a)). The
presence of the structures indeed distorts the air-liquid interface
resulting in an attractive capillary-induced interaction between
both structures (Fig. 1(d)). Such a mechanism is reminiscent of
the capillary interaction between particles at an air-liquid inter-
face, known as the “Cheerios effect”, that has been at the core of
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many experimental and theoretical studies [27-36] and used to
program particle self-assembly [37,38]. This attractive shear force
leads to the deflection of the structures towards each other and
to a smaller separation distance, that in turn increases the am-
plitude of the shear force. In this work, we aim at describing and
rationalizing the nonlinear fluid-structure coupling in this model
experiment. This study is a first step to better understand the
physics at play when a brush is removed from a paint bucket [39-
41] or in the feeding process of some nectarivores characterized
by brush-like tongues, such as bees [11,42] or bats [43].

The paper is organized as follow. In Section 2, the experimen-
tal setup is described and the results are presented. We show
that the coalescence between the structures occurs through a
snapping transition when they are still at a finite distance from
each other and weakly deformed. In Section 3, we introduce a
theoretical model to rationalize the observations based on the
linear beam equation and the capillary shear force for rods and
lamellae acting as a boundary condition on the beam. This nonlin-
ear coupling reveals a subcritical bifurcation, in agreement with
observations, that depends on dimensionless combinations of
the system parameters. Despite the simplifying assumptions, the
model allows the construction of phase diagrams that accurately
describe our experimental data over a wide range of parameters.
We finally summarize our work and propose some directions for
future work in Section 4.

2. Experiments and results
2.1. Experimental methods

A pair of identical rods and lamellae are clamped vertically
to a linear stage (ZwickiLine Z0.5 from Zwick), at a relative
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Fig. 1. (a) Schematic of the experimental set up. Two identical rods or lamellae are clamped vertically to a linear stage at a distance 2d. They are partially immersed
in a liquid bath with a dry length L and a contact angle 0y. Because of the capillary force F induced by the menisci, the distance between their free ends at the
air-liquid interface is 2§ < 2d. The cylindrical rods are made of glass (PET) with a radius R = 50 & 2 pum (100 & 2 pm), a Young modulus E = 64 + 1 GPa
(104 1 GPa), a density p; = 2500 kg m~3 (1380 kg m~3) and a total length 30 < Ly < 200 mm. The lamellae are made of PET with a thickness 23 < t < 250 pm,
width 10 < W < 30 mm, total length 50 < Ly < 300 mm, Poisson ratio v = 0.4, E = 5+ 0.5 GPa and p; = 1380 kg m—>. (b) Snapshots of an experiment cycle for
PET rods clamped at a distance 2d = 0.8 mm. Scale bar: 5 mm. (c) Evolution of the distance § — R as a function of the dry length L for the experiment shown in
panel (b). (d) Fluid interface distortion induced by two PET rods when separated (top) or in contact (bottom). Scale bar: 1 mm. (e) Evolution of (§ —R) as a function
of L for rods made of glass (diamond) and of PET (square) clamped at different distances d. (f) Evolution of § as a function of L for PET lamellae of various thickness
and clamped at different distances d. The distances d are given in mm and the thicknesses in pm.

distance 2d, see Fig. 1(a). The lamellae are made of Polyethylene
terephthalate (PET) and the rods are made of glass or PET. They
are characterized by a Young modulus E, a density ps; and a
total length Ly. The cylindrical rods have a radius R whereas the
lamellae have a thickness t, a width W and a Poisson ratio v (see
Fig. 1 for the parameter values). Silicon oil with surface tension
y = 0.021 N m~!, density p, = 960 kg m~3 and viscosity
p = 10 cSt is used as a model fluid. The viscosity was varied in
few experiments (10 < u < 1000 cSt) without any noticeable
impact on the results as expected. The fluid container is large
compared to the spatial extension of the menisci to avoid border
effects. For the lamellae, W was chosen large with respect to the
capillary length to limit boundary effects. The width was varied
to ensure that it did not affect the results.

Initially, the rods/lamellae are immersed in silicon oil deep
enough such that they do not coalesce. They are quasi-statically
withdrawn by steps of 1 mm at a speed of 20 mm/min. A picture
is taken at each step by a computer controlled camera (Nikon
D850) until coalescence is reached when L = L}. The pair is
then plunged back in the bath until they separate when L = L_.
Fig. 1(b) shows snapshots of a whole experiment cycle for rods.
Note that to account for the potential slight deviation from paral-
lelism between both structures, the distance 2d is also measured
at the position L} when the pair is completely removed from the
bath and yields small uncertainties on d.

2.2. Results

As the slender structures are immersed in a fluid of surface
tension y and density p,, the air-liquid interface is no longer
flat and menisci form near them (Fig. 1(d)). They extend along
the air-liquid interface over a distance proportional to the radius
R for the rods or to the capillary length £ = (y/peg)"/? for
the lamellae [44] (g is the gravitational acceleration). The two
menisci being identical, their interaction yields an attractive shear
force whose magnitude decreases when the distance between
them increases [28-30]. Therefore, when the imposed distance
between the elastic objects, d, is large compared to R for rods
and to ¢, for lamellae, there is no significant interaction between

them and the two structures stay parallel. When d is sufficiently
small, the menisci interaction slightly bends the two structures
so that their distance along the air-liquid interface, 28, is smaller
than the imposed distance at the clamped ends, 2d, see Fig. 1(a).

At the beginning of an experiment, the dry length L of the
rods/lamellae is small so that their effective stiffness is large and
they barely bend, i.e. § >~ d. As L increases, the structures become
progressively easier to bend and § decreases. Fig. 1(c) shows the
evolution of § as a function of L obtained from a conventional
image analysis of the experiment displayed in Fig. 1(b) for rods.
The variation of § is moderate when L is sufficiently small but
becomes significant when L approaches a critical value, L}, at
which a contact between the structures occurs. The transition to
coalescence appears to be discontinuous: at the transition length
LT, the gap 2(8 — R) between the structures at the air-liquid
interface jumps from a finite value to 0 as the dry length is
incrementally increased. After coalescence, when the dry length
is decreased, the free ends of the structures remain in contact
until another critical length LT < LT is reached, exhibiting a large
hysteresis loop, and the gap jumps back to the previous branch
(Fig. 1(c)).

Experiments have been performed with various type of slen-
der structures and some representative variations of § with L
are shown in Fig. 1(e) for rods and (f) for lamellae. In all cases,
there is a critical length L beyond which coalescence is observed.
Although this qualitative observation is valid for both rods and
lamellae, there is a clear difference between both systems: rods
tend to deflect relatively more than lamellae at the transition
length LS. The goal of the model developed in the next section
is to accurately describe this bifurcation to coalescence for both
types of structure, to determine the expression of L} as a function
of the system control parameter and to construct a phase diagram
delimiting the coalescence region.

Before developing the theoretical model, let us discuss the
physical ingredients at play to determine the characteristic length
scales. In this system, surface tension is the driving force of
coalescence and elasticity the resisting force. The weight of the
structures should nonetheless also be considered. Indeed, for very
long structures, gravity appears as the dominating resisting force
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to deflection. We thus expect the following characteristic lengths
to play a role:

tge = [B/(yP)I'*, s = [B/(psgS)]', (1)

where P and S are respectively the perimeter and the area of
the cross section of the structure and B is the bending stiff-
ness (B = mER*/4 for rods and B = Et*W/[12(1 — v?)] for
lamellae). The bendocapillary and bendogravitational lengths, £c
and {¢pg, correspond, respectively, to the typical length above
which capillary forces and gravity may bend a slender struc-
ture [3,45]. These characteristic lengths are directly measured
using calibration experiments for lamellae (Appendix A).

3. Model

Since the deflections are small (d/L <« 1), we use the linear
beam equation to model the homogeneous rods or lamellae and
consider the tension induced by surface tension and gravity. The
capillary tension reads T, = y cos6yP, where 0y is the contact
angle. We assume, for simplicity, that all the mass is concentrated
at a distance L from the clamped end and neglect the weight of
the immersed part of the structure so that the tension induced by
gravity is given by T; = p,gSL. Using X = x/L and w = w/d, the
dimensionless linear beam equation for one of the two structures
reads

w"' (%) — o w"(X) =0, (2)
where y = w(x) is the deflection of the structure, prime denotes
a derivative with respect to x and o> = (T, + T,)L?/B =
[*cosOy /3. + L[3/€3. is the dimensionless tension. Since the
top end of the structure is clamped and the bottom end is free

with a transverse force acting on it, we have the following set of
boundary conditions (BCs):

w0)=1, w'(0)=0, w’(1)=0, (3a)
FL?
?da
where F is the capillary force (Fig. 1(a)). The solution of Egs. (2)
and (3a) reads

w"(1) = o?w'(1) — (3b)

% cosha — sinh h(0 — o
D) = 1 _Acxx cosha — sinh +. sinh(o ozx)’ (4)
a cosha — sinho

where A > 0 is a dimensionless deflection coefficient at the
air-liquid interface since

s/d=w(l)=1—A, = Ad=d—3, (5)

where d — § is the displacement of the free end. Substituting
Eq. (4) in the last BC (3b), we obtain

_ B o’ (6)
" 3o —tanha’
which is just the balance between the capillary force F and an
elastic force F,; with an effective spring constant k involving the
bending modulus, the length and the tension of the structure.
The expression of the capillary forces F between two identical
rigid rods (R <« § < £.) or lamellae (§ <« £.) has been derived
and compared to experiments in the literature [28,31,34]. They
read as:

Fo=k(d—68)=—-F, k

Fr(8) = —myR? cos? by [62 — R2] /2, (72)

Fi(8) = —(y /2)W cos® Oy (8/€.) 7, (7b)
where the subscripts R and L refer respectively to rods and
lamellae. The capillary force scales as §~! for rods and 62 for

lamellae and have distinct characteristic lengths, i.e. R for rods
and ¢, for lamellae. Eqs. (7) are no longer valid when § > £,
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since the forces decrease exponentially at large distance [30,32].
Nevertheless, Eqs. (7) are sufficient for our study because such
large distances between the two structures are not considered
in the experiments. Indeed, since the capillary forces are expo-
nentially small at large distance, coalescence is possible only if
the effective stiffness of the structures is small enough. However,
Eq. (6) together with the definition of o show that k cannot be
smaller than B/L;G = p,gS during a given experiment where only
the dry length L is varied. Therefore, when § > ¢, the capillary
forces are not strong enough to significantly bend the structures
we use and promote aggregation. Note that, in principle, the
shape of the menisci, and hence the resulting force, change when
the structures deform and get slightly tilted at the interface. This
effect is neglected here. Note also that a 2D description for the
lamellae is possible if W > £, so that the influence of the menisci
generated by the edges is negligible compared to the force (7b)
induced by the menisci created by the faces.

Substituting the expressions (7) of the forces in the equilib-
rium equation (6) and using Eq. (5) to eliminate §, we obtain an
equation for A for both rods and lamellae:

Adg\/d2(1 — A2 — 1 = Hg(A, dg) = Ag = A/R, (8a)

Ad2(1 — AP =Hi(A, d)) = AL = A/L, (8b)
[3cos?6y | [« — tanh
A= 5 3 , (8¢c)
205 o

- d - d 1? L

dp=—, di=—, a®>=—cosly+ —, 8d
R R L ‘. o eﬁc Y ch (8d)

where A is a rescaled dry length. The functions Hk and H; are
shown in Fig. 2 as a function of A for given values of dg and d;
together with the total rescaled energy of the system for rods (Ug)
and lamellae (U;) (Appendices B, C)

_ A? AR - 52
Ug =5+ =5 In [ ds(1 —A)+/d2(01 — AP — 1|, (92)
R

2
U = A #. (9b)
2 2d}(1-A)

The function Hg vanishes at A = 0 and A = 1 —d; ' and has a
maximum value, Ag, at an intermediate value A, see Fig. 2(a)-(c).
When A < A%, Eq. (8a) admits two solutions for A (Fig. 2(a)).
The largest one corresponds to a local maximum of the energy
and is unstable. The energy is also characterized by two local
minima. We thus expect bistability between an open state given
by the smallest solution of Eq. (8a) and a contact state with
A=1-— dR’1, i.e. § = R. When Ay approaches A%, by increasing
the dry length L, both solutions of Eq. (8a) get closer until they
merge when Ap = Aj (Fig. 2(b)). When Ay is infinitesimally
larger than A$, Eq. (8a) does not have any solution and the energy
is characterized by only one local minimum at A = 1 — d;'
(Fig. 2(c)). The deflection A then jumps from A¢, corresponding to
an open state, to contact. There is thus a discontinuous, subcritical
transition to coalescence. The function H; is similar to Hg since it
vanishes at A = 0 and at A = 1 and has a maximum value Af
at an intermediate value A{, see Fig. 2(d)-(f). Therefore, a similar
reasoning applies to lamellae.

The position and value of the maximum of the functions Hg
(in the limit dg > 1) and H; given by Egs. (8a) and (8b) are

Cc ] c dl% 1 c 1 c 8dL3

o=y M=y 5 A=y A=
where terms of order d; > have been omitted for rods. The ex-
pressions for A show that rods deflect to half their initial distance
before snapping into contact whereas lamellae deflect to only one

(10)
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Fig. 2. (a)-(c) Evolution of Hg(A, dg), defined by Eq. (8a) (blue curve), and of the total energy Ug(A, dg, Ag), defined by Eq. (9a) (orange curve), as a function of the
deflection parameter A for dz = 10. When Ap < A} >~ 24.5, Eq. (8a) admits two solutions corresponding to local extrema of U. The smallest is stable and describes

an open state. When Ag > AS, there is no solution to Eq. (8a) and A = 1—dj"

(contact state). (d)-(f) Corresponding situation for lamellae for d; = 1 with Hy(A, d;)

and Uy(A, d;, A;) given respectively by Egs. (8b) and (9b). (For interpretation of the references to color in this figure legend, the reader is referred to the web

version of this article.)
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Fig. 3. Coalescence phase diagrams for rods (a) and lamellae (b) where dg =
d/R > 1 and d, = d/¢. > O respectively. The symbols represent experimental
data corresponding to the largest dry length reached in each experiment before
coalescence occurs. The curves A and Af given by Eqgs. (10) are shown together
with the maximum value of Ag and A; given by Eqs. (16). The thicknesses t
are given in wm and the widths W in mm.

third of this distance. The curve A{(d;) thus delimits the region
where coalescence occurs in the phase diagram spanned by the
parameters d; and A; with i = R or L. Fig. 3 shows a good
agreement between the theoretical expressions (10) and the data

except when the distance between rods becomes comparable to
their radius. In this regime, Eq. (7a) underestimates the capillary
force between rods [34] and coalescence occurs with a dry length
smaller than predicted here.
To draw the bifurcation diagrams, we use Ar and A; as bifur-

cation parameters and
_6—R 1 A 8 1—A
_d_R_ 1_&;1’ nl_—d— ’
as order parameters. The diagrams may be obtained by solving
Eqgs. (8a) and (8b) to get A, and thus the order parameters, as a
function of A and A; respectively for a given distance d between
the structures. It is however possible to obtain simple analytical
expressions near the bifurcation point by expanding the functions
Hg and H; around their maximum
Ho~ A€ 4 1 3°H;

T 2 9A? laca
Eqgs. (8a) and (8b) can then be solved to obtain A and the order
parameters (11) as a function of A;:

nR (11)

(A—A7Y,

i=R,L (12)

2mp e~ 1+ (13)

Fig. 4 shows that these simple asymptotic expressions enable us
to obtain a collapse of the bifurcation data when the order param-
eters ng and 7, are plotted as a function of the new bifurcation
parameters AR/dlg and AL/dL3 respectively.

4. Discussion and conclusion

The characteristic length A given by Eq. (8c) appears as the pa-
rameter containing the physics at play in the coalescence process.
During a given experiment, all the parameters are fixed except L
which increases. Since A increases monotonically with L, there
is an unambiguous relationship between both quantities. This
length scale is composed of two factors written between square
brackets in Eq. (8c). The first one does not contain the tension
coefficient « and scales as L. It compares the beam stiffness
(~ B/L?) to the surface tension y. The second one depends on
the dimensionless tension o which is a function of L. The relation
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Fig. 4. Experimental bifurcation data for glass rods (a) and PET lamellae with
t = 250 pm (c). (b)-(d) Rescaling of the data according to the asymptotic master
curves given by Eqs. (13). The initial gap d is given in mm.

between A and L is thus intricate as illustrated in Fig. 5(a).
Nevertheless, this relation simplifies in some asymptotic limits
according to the value of «:

L3 cos? 6y L3 cos? 6y

= = . 14
akl 6Z§C a1 2a25§C (14)

The first limit « < 1 corresponds to L << min(£pc, £pc). In this
regime where tension is negligible, the expression of LT may be
explicitly derived from A; = Af with A{ given in Egs. (10)

2 3
[Lz-]3 — L |: _ 1:| , [L:]3 — M’ (15)

27y cos? Oy | 2R? 9y cos? Oy £2
where the first equality stands for rods and the second for lamel-
lae. For given slender structures, these expressions show that L
is small enough to have o <« 1 when d is small enough. Fig. 5(b)
shows indeed a good agreement between theory and experiments
when the structures are close enough. In our experiments, signif-
icant deviation from the theory without tension occurs only for
lamellae.

The second limit & >> 1 corresponds to L >> max({£pg, £pc) SO
that o ~ (L/£pc)>. Therefore, Eq. (14) shows that A saturates to
a constant value A™ for long structures

€pccos’fy  ycos’y P

A" =
202, 0sg 25

(16)
where we used Eq. (1) and P/(2S) is equal to R~! for rods and
t~1 for lamellae. Eq. (16) results from the interplay between the
horizontal capillary shear force promoting coalescence and the
vertical gravitational force hindering aggregation. A necessary
condition to observe coalescence is thus A" > A{. Using Egs. (10)
and (16), we obtain

4y cos? Oy e 27y cos? Oy 2

< — _—
Ps& 8psgt

for rods and lamellae respectively. These expressions give the

maximum imposed distance d beyond which coalescence is not

possible. The upper limits Af = A™/R and A]' = A™/{. are

shown as horizontal dashed lines in Fig. 3. These limits have

d? (17)
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by Egs. (8), are computed with @« = 0, i.e. when tension is neglected. The
colorbar indicates the value of « for each data point. A good agreement between
experiments and theory (Egs. (10)) is achieved only when « < 1 as expected.
In this case, the expression of LT is given by Egs. (15). (For interpretation of
the references to color in this figure legend, the reader is referred to the web
version of this article.)

almost been reached in the experiments. This justifies the use
of Egs. (7) neglecting the exponential tail of the capillary force.
Indeed, this tail can only be probed by increasing the imposed
distance d between the structures which is already close to the
limits (17) in our experiments.

Finally, if £pc/€pc > 1/+/c0s 6y, Eq. (8d) shows that « can be
much larger than 1 with a? >~ (L/£pc)? cos @y when 1/+/cos Oy <
L/tgc < (Lpc/lsc)’ cosBy. Therefore, in this case, there is an
intermediate regime before the saturation of A where 24 =
Lcos Oy, see Fig. 5(a). In our experiments, ¢g; < £pc and such a
regime is not observed (see Table A.1).

The fully analytical model developed here is based on the
linear beam theory, as the maximum deflection d is very small
compared to the dry length L in the experiments. In Appendix D,
we derive a model based on the nonlinear beam theory to deter-
mine the domain of validity of the linear model presented above.
We show that the linear theory is always essentially valid. Small
differences between the linear and nonlinear theories occur only
in the case of very soft and small structures.

The length L at which the two structures separate when
re-immersed in the liquid bath cannot be derived within this
framework. Indeed, for both rods and lamellae, the contact state
is stable for all values of the dry length in this theory since
it always corresponds to a local minimum of the total energy.
This problem comes from the transverse capillary force computed
from the interaction between vertical structures. A contact state is
thus associated to a contact zone extending over all the structure
length which overestimates the capillary force. The dry length
L7 < L¥, for which two structures in contact detach is actually
known and corresponds to the dry length of the equilibrium
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shape of capillary aggregated pair of lamellae [3,46] and fibers [5].
This length depends on the total length of the structures, which
enables or not tangential contact at the free end, as studied in
Ref. [46].

This work is a first step toward understanding the elasto-
capillary coalescence of slender structures in fluid capture by
brush-like systems. A complete understanding requires to study
the influence of an array of fibers and/or the retraction speed
on the coalescence as the structures are withdrawn from a bath.
Preliminary results indicate that the retraction speed significantly
impacts the coalescence process. On one hand, the surface energy,
and hence the capillary force, is increased by the formation of
a Landau-Levich film around the structures. On the other hand,
if the structures are removed too swiftly from the bath, they
have not enough time to get into contact. Rationalizing these
antagonistic effects would contribute to better understand the
coalescence process in such a system and its impact on the
amount of fluid captured.
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Appendix A. Characteristic length scales

Determining {pc

As reported in Ref. [47], estimating the bendocapillary length
£pc for lamellae using each parameter involved in Eq. (1) of the
main text produces large errors. Therefore, we directly measure
this length scale with the following calibration experiment.

We clamp two identical parallel lamellae at a distance 2d,
deposit a droplet of silicon oil on one of the lamellae and bring
them into contact. As the PET sheets used for this study are
relatively stiff, folding them to form a loop with a self-contacting
tail, as proposed in Ref. [47], would require meter-long lamellae
and is therefore hardly applicable. The clamping distance is varied
for a given pair of lamellae and the length L at which lamellae join
in tangential contact is measured, see Fig. A.6(a)-(b).

To determine ¢pc, we compute theoretically the evolution of L
as a function of d. As L is large compared to the clamping distance
(d/L <« 1) and smaller than £g;, we use a linear beam equation
and neglect gravity to describe the shape of the lamellae. The
equation to solve reduces to w*(x) = 0, where y = w(x) is the
deflection of one of the two lamellae, with the BCs: w(0) = d,
w'(0) = w(L) = w'(L) = 0, see Fig. A.6(a). The solution reads as
w(x) = d(L — x)*(L + 2x)/L3. The length L is fixed thanks to an
additional BC obtained as follow.

Considering a small virtual displacement dx of the tangential
contact point at x = L, the variation of bending energy may
be written as dEg = BKcde, where k. is the curvature at the
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Fig. A.6. Experimental determination of the characteristic lengths ¢z and €pc.
(a) Sticking length L of two PET lamellae (t = 100 wm) for various gaps d.
Dashed lines correspond to the linear beam theory. Scale bar: 10 mm. (b) L as a
function of d for lamellae of various thickness ¢ (pm). Fitting the experimental
points with Eq. (A.1) (solid curves) yields the bendocapillary length ¢pc for each
thickness. (c) Lamellae of various length L deflected by their own weight. Dashed
lines correspond to the numerical solution of Eq. (A.2a). Scale bar: 10 mm.
(d) Deflection ratio Ay/Ax as a function of (L/fpc)* for lamellae of various
thicknesses. Adjusting the experimental data to the numerical master curve
obtained from Egs. (A.2), yields the bendogravitational length £pc.

contact point [47]. The variation of interfacial energy reads dEs =
2y cos By Wdx, where 6y is the contact angle of the liquid on the
surface (equal to zero in our case). Equating both energy varia-
tions yields the curvature at the contact point k. = +/cos 6y /£pc
(P ~ 2W). Imposing w”(L) = k., with w(x) derived above, we
obtain L as a function of d and the bendocapillary length £pc:

1/2

L= (Ld) . (A1)
+/cos by

The length £pc is then adjusted so that Eq. (A.1) fits the mea-

sured dry lengths for each thickness considered, see Fig. A.6(b).

Fig. A.6(a) shows that the resulting theoretical shape agrees well

with the lamella shape.

Determining (¢

We perform the following experiments to measure ¢p; [48].
Lamellae of various lengths L are clamped horizontally at one
end and are deflected by their own weight, see Fig. A.6(c). As the
deflections are a priori large, we turn to the nonlinear elastica
description of the lamella deformation. Using the arclength s and
0, the local angle between the tangent to the lamella and the
horizontal axis, to parametrize the lamella, we have:

d’o  I?

— = —(5—1)cosd, 6(0)=06'(1)=0, (A.2a)
ds2 ¢
1 1
Ax:/ cos 9(s) ds, Ay:/ sinO(s)ds, (A.2b)
0 0
where s = s/L. This equation is integrated using a shooting

method and the resulting deflection of the free end, Ax and Ay,
is computed as a function of L/¢gs. The bendogravitational length
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of our lamellae is obtained by adjusting the data to the numerical
master curve, see Fig. A.6(d).

In the case of rods, such calibration tests are not performed,
as their mechanical and geometrical properties are well charac-
terized and guaranteed by the suppliers (Hildenberg for the glass
rods, Goodfellow for the PET rods).

Table A.1 gives the values of £pc and £p for structures consid-
ered in this work.

Appendix B. Capillary force and total energy: rods

Capillary force

The authors in Ref. [28] computed the difference of surface en-
ergy between a configuration where two vertical and cylindrical
rods of radius R are at an infinite distance and a configuration
where the two symmetry axes of the rods are at a finite distance
24. The following expression is valid provided R and § are small
enough compared to the capillary length (¢, = (y/p.g)"/?) and
Oy close enough to 7 /2:

Us = —2myRcos by (he — hy), (B.1a)
4
heo =Rcosby In| ———— |, B.1b
oo = RCOSGY N [ye(l n siney)R/Ec] (B.1)
1 —exp(—217)
he =RcosOy |ty +2In| ———— ||, (B.1¢c)
Yea/Lc
a a?
71 =In §+ ]+ﬁ , a=+ SZ—RZ, (B.]d)

where y, >~ 1.781 (Iny, is the Euler-Mascheroni constant).
_ This expression can be written in a simpler form by writing
he = he/(Rcosby) as

1 —exp(—217)
a/R
Using the definition (B.1d) of 7; and a, we get

- 5 8 YeR

Therefore, the surface energy can be written as
Us TS (A LA e
2nyR2cos26y, | R R2 ’

=l TR )
(14 sin6y)e,

The capillary force is given by 2F = —a(Us)/dé:
F(8) = —myR® cos® Oy [8% — R2]71/2 )

This expression coincides with Eq. (7a) of the main text.

he=1+2In [ ] — 21In(y.R/€,). (B.2)

(B.4a)

(B.4b)

(B.5)

Total energy

The total energy, Ug, of half the system is given by

Us
UR=UB+UT+77

B (* T (* U,
= / [w” (X)) dx + — / [w ()] dx + —. (B.6)
2 Jo 2 Jo 2
Using the expression of w given by Eq. (4) of the main text, and
the expression (B.4) of Us (with § = d(1 — A)), we get
BA%d? o*(—a + cosha sinh «)
Ur(A) = —— . >
413 (—acosha + sinh«)
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Table A1
Bendocapillary and bendogravitational lengths of lamellae and rods used in this
work. The values for rods have been computed using Eq. (1) of the main text

and error propagation. The thickness and radius are given in um and ¢z and
£pc are given in mm.

Lamellae Rods
t Cpc Lpc R Lpc 7%
23 16+2 25+2 50 21846 118 +2
75 118+ 4 58 43 100 244 4 14 12344
100 153+ 10 7343
250 557 + 12 120+ 10
TA%d? o [2a(2 + cosh 2a) — 3 sinh 2¢]
8L (—a cosha + sinh «)?
+ wyR% cos? 6y (Ing(A) + C), (B.7)

g(A) = d(1—A) + Ja2(1 - AP — 1, = g

The tension T can be eliminated in favor of @ by using its defini-
tion, namely «? = TL?/B (see below Eq. (2) of the main text). The
expression of the energy reduces to

BA?d? o
213 o —tanho
Defining the rescaled energy as

_ Ugp—myR*cos’6y C
Ur = 5 ,

Ug(A) = + wyR?cos® 0y (Ing(A) +C).  (B.8)

= Bd? o (B.9)
" I3 « —tanhoa’ ’

we have

2
Ur(A) = ’% + % In [&R(l —A)+/d3(1 - AP — 1} , (B.10)
R

where Ay is defined by Eq. (8) of the main text. We thus recover
Eq. (9a) of the main text. The selected value of A is the one that
minimizes the energy which is obtained from the equation

au A
“K_o0=4A- R

9A dry/d2(1 — AR — 1

We recover Eq. (8a) of the main text.

(B.11)

Appendix C. Capillary force and total energy: lamellae

Action and Lagrangian of the system

The surface energy in the region 0 < x < § of the system
depicted in Fig. C.7 reads
U=y LW, (C.1)

where ¢ is the length of the air-liquid interface in this region. The
gravitational energy reads

W 5
Ug = p“;' / h(x)? dx. (€.2)
0

Therefore the dimensionless action is given by

o1

S=0+ - / h(x)? dx, (C.3)
2Jo

where § = S/(y£.W) and all lengths have been rescaled by the

capillary length £..
The action can now be written as the integral of a Lagrangian:

- 5 - - h?
szf chWydz, c=[1+1?]"+ 7 (C.4)
0

where b’ = dh/dx.
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Fig. C.7. Schematic of the system composed of two lamellae separated by a
distance 26.

Equation for the interface

The equation for the interface is obtained from the Euler-
Lagrange equation:

oL _d faLy (€5)

oh & \aw ) = '

We have

h=———, R(0)=0, K(3)=cotby, (C6)
[1+h/2]2

which is the standard equation giving the shape of a meniscus
and expresses the balance between the hydrostatic and Laplace
pressures [44, p. 44-45].

Surface energy

By definition, the Hamiltonian reads

H=h—=—rL. (C.7)
ol
Using Eq. (C.4), we get
o h2
H=—[1+r7] - 2 (C8)

Since the Lagrangian does not depend explicitly on x, the Hamil-
tonian is a constant. Therefore, the energy reads

)
05:/ Hdx=5H(y), 0=<y=<3. (C.9)
0

If we choose y = 0 and use the first BC in Eq. (C.6), we get
- - h%(0
=i (14 79)

The energy, Uy, when both lamellae are infinitely separated is

obtained by setting h(0) = 0, so that Uy = —4. So finally, the

relevant energy, Us — Uy, is given by

_ 8 h2(0) - aUs

Us = — = F=—-—— C11
s 5 PY; (C11)

where we keep the same notation for the energy for simplicity.

Note that there is no factor 1/2 in the expression of the force

because the energy is computed for half of the system (in contrast

to rods).

(C.10)
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Shape of the air-liquid interface

Eq. (C.11) requires h(0) to be known to compute the capillary
force. Therefore, we need to compute h(x) by solving Eq. (C.6).
We start by computing the meniscus profile when the interface
is almost planar (linear problem with 6y ~ /2 and § arbitrary).
We then address the nonlinear problem. However, the expression
of the energy, and hence the force, cannot be obtained explicitly.
Therefore, we derive the asymptotic expression of the energy
valid when § « ¢, and 6y arbitrary and propose an approxi-
mate expression of the energy matching both the linear solution
and the asymptotic one. The comparison between the energy
obtained by solving numerically the nonlinear problem and the
approximate expression shows a good agreement.

Linear problem. Here, we assume that the contact angle is close
to 77 /2 so that the interface is almost planar and b’ < 1. Eq. (C.6)
becomes

h=h", H(0)=0, I'(5)= cotby. (C.12)

The solution reads

- t 6

iz = % cosh(z). (C.13)

sinh §

The energy is obtained from Eq. (C.11) and reads

- 8 cot? 6y

Ug=——"—. C.14
s 2sinh? § (14

Nonlinear problem: equations. By definition, ' = tan 6 where
6(s) is the local angle between the tangent to the interface and
the horizontal x-axis and s is the arc length varying between 0
and ¢. We also have dx/ds = cos6 and dh/ds = sin 6. Therefore,
Eq. (C.6) becomes

h= Z—g, 6(0)=0, 6(£) = /2 — by, (C.15)

Deriving both sides with respect to s, we finally have

Z%f =sinf(), 6(0)=0, 0(¢)=m/2 — by, (C.16a)

X(s) = /j cosf(3)ds’, h(s) = /05 sinf(s")ds' + 6’(0), (C.16b)
Us = —M, (C.16¢)

2

where we used Eq. (C.15) in the two last equations. The equation
for 6 is, up to a sign, the equation of a simple pendulum.

Nonlinear problem: solution. Eq. (C.16a) can be solved exactly
(C17)

The function sn is a Jacobi elliptic function with a period 4K(q)
where K is an elliptic function of the first kind [49, p. 549]. The
quantities g and 5o are two constants of integration which are
fixed by the BCs. The standard interval of possible values of q is
0 < g < 1. However, using the BC 6(0) = 0, Eq. (C.17) yields
qsn(Sp, q) = 1. Because —1 < sn < 1, this last equation requires
q > 1. Therefore, we use the following property [49, p. 563]

(C.18)

6(s) = 2 arccos [gsn(s + 5o, q)],

qsn(x, q) = sn(qx, g~ ').
Setting k = q~!, so that k < 1, Eq. (C.17) can be written as
6(3) = 2arccos [sn (k~'(5 +50), k)] . (C.19)

Now, using 6(0) = 0, we get sn (k~'So, k) = 1 and thus k~'5p =
(2n + 1)K (k). Because sn is periodic, we can consider n = 0 and

6(5) = 2arccos [sn (k™'s + K(k), k)] . (C.20)
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The parameter k is fixed by the BC 8(¢) = 7 /2 — 6y, where £ is
the unknown length of the interface. We also have
0'(5) =2k "dn (k'S + K(k), k) , (€.21)

where dn is another Jacobi elliptic function with the property
dn(K(k), k) = (1 — k?)'/2. Therefore

0'(0) = 2k~ (1 — k*)V/2. (C.22)

Finally, the energy is obtained by combining Egs. (C.22) and
(C.16¢) and using the last BC in Eq. (C.16a):

Us =25 (1—k7?%), (C.23a)
2arccos [sn (k™€ + K(k), k)] = 7 /2 — 6y, (C.23b)
7
5= / cos A(3) ds. (C.23¢)
0

Knowing 8 and 6y together Eq. (C.20), Egs. (C.23b) and (C.23c) fix
¢ and k as well as the energy (C.23a).

Even if the nonlinear problem is solved rather easily, we do
not obtain explicit expressions for the energy and capillary force.
We thus follow another route and accept to lose some accuracy
to obtain an explicit expression for the force.

Nonlinear problem: asymptotic solution. Here, we consider § <«
1, so that £ < 1, but 6y arbitrary (in contrast with the linear

problem). We define a new spatial variable r = 35/¢ so that
Eq. (C.16a) becomes

d’e .

Fr esinf(r), 6(0)=0, 6(1)=mn/2 — by, (C.24)
where € = £2 « 1. We now expand 6 in power of e:

0 =00+ €6 + €20, + - - - (C.25)

To keep the calculation short and simple, we limit it to the leading
order. It can be shown that the next order is quite negligible even
for £ = 0.5. At the leading order, we get

d?6,

d? = 0, 9()(0) = 0, 90(1) = 7[/2 - 9y. (C26)
The solution is

0o(3) = (/2 — Oy)5/L. (C.27)

We thus get a solution with a constant curvature, i.e. an arc of
circle. Using Eq. (C.16¢), the energy reads

0. — _S [6'(0) _S(n/z —6y)?

= = C.28
° 2 22 (C28)
We need to relate £ to 3 to get the final expression:
z ? <
- 2—6
= f cos Gp(S)ds = / cos (U) ds. (C.29)
0 0 l
We thus obtain
- 2—06
i—3 (m/ Y). (C.30)
cos By
Finally, using Egs. (C.28) and (C.30), the energy reads
_ cos? Oy
Us = — —. C31
s % (C31)

Approximate expression for Us. In summary, we have obtained
two simple expressions (C.14) and (C.31) for the energy,

- bcot? by N (C.323)
2sinh?s’ | 2’ '

_ cos?fy -

Ug=——"—, §K1. (C.32b)
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Fig. C.8. Evolution of the rescaled energy Us = Us/(y£.W) obtained by solving
numerically Eqgs. (C.23) as a function of the rescaled half distance between the
lamellae 5 = §/£. (solid curves). These numerical data agree well with the
approximate expression (C.33) (dashed curves).

Since cot 6y = cos 6y when @y ~ /2, and §/ sinh? § ~ 1/§ when
8 « 1, we propose the following expression for the energy:

Us 5 cos? Gy
W 2sinh?§’
Fig. C.8 shows that Eq. (C.33) agrees well with the energy ob-
tained by solving numerically Egs. (C.23).

The force is obtained from F = —9Us/d4:

F - 26y [28 cothd — 1
F F(8):—COS v [ Cf) ki ]
yWw 2 sinh” §

S

(C.33)

(C.34)

where § = 8/Lc. In our experiments, § < ¢ and, in this limit, the
expression of the force reduces to

4

w
F= - cos? 6y (8/€.)72, (C.35)

which coincide with Eq. (7b) of the main text.

Total energy
The total energy, U;, of half the system is given by
Uy = Ug + Ur + Us,
B (* T (*
== / [w”(X)]* dx 4+ = / [w'(x)]? dx + Us. (C.36)
2 Jo 2 Jo

Using the expression of w given by Eq. (4) of the main text and
the expression (C.33) of Us (with § = d;(1 — A)), we get

BA%d? 3 £.W cos? Oy [di(1 — A
UL(A) = o _ vk AC052 _Y[ 1( )]. (C.37)
213 o —tanha 2 sinh?[d;(1 — A)]
Now, we define a rescaled energy
g =Y po B (C.38)
L_,B’ " I3 @ —tanha’ )
so that
- A? A(1—A
U(A) = = — i ) (C.39)

2 2d;sinh?[d, (1 —A)]

In the limit § = d;(1 — A) < 1 (i.e. 8§ < £.), the energy reduces
to

- A2 A
U="5%-— .

2 2d}(1—-A) (C40)
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Fig. C9. Evolution of A, — 1/2 (a) and R/L} (b), computed with the nonlinear
model Egs. (D.1)-(D.5) for rods with 6y = 0, as a function of £p;/¢pc and R/pc.
The distance d between the rods is chosen to be the largest distance at which
coalescence is possible. The yellow star and the orange cross refer respectively
to the glass and PET fibers used in the experiments. The black disk and the
white square correspond to the states shown in panels (c) and (d) respectively.
Shape of one of the two rods at the limit of snapping for £p;/¢gc = 1 and
R/€gc = 1072 (c) and for £p;/€sc = 80 and R/€pc = 0.3 (d).

and we recover Eq. (9b) of the main text. The selected value of A
is the one that minimize the energy which is obtained from the
equation

au;
0A

Ap
2dP(1 — AR

We recover Eq. (8b) of the main text.

=0=A (C41)

Appendix D. Nonlinear beam model

The theory presented in this article is based on the linear
beam equation. It may be extended to take into account potential
large deformations of the structures. In this case, the elastica
description of the slender structures can be used:

d*o 2 -

— =qa“sinf + F cos 6,
ds?

where s = s/L is the rescaled arclength, « is the dimensionless
tension defined by Eq. (8d) and F = —FL?/B is the dimensionless
capillary force (7). Within this curvilinear framework, § is given

0(0) = 6'(1) = 0, (D.1)

10
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by:

1
§=68/L= / sind(s)ds + d, (D.2)
0
where d = d/L. Solving numerically Eq. (D.1) for given values
of o and F, yields the deflection § as a function of these two
parameters; ie. § 8(ct, F). However, as the capillary force
is a function of §, we must impose that the value of F used
to solve Eq. (D.1) is equal to the value of the capillary force
(7) evaluated at § obtained from Eq. (D.2). In the following, we
illustrate this consistency procedure for rods only. Assuming § >

R for simplicity, the consistency relation reads as

__  __ RLcos*6
F8(a,F)= ———
2LBC

(D.3)

The function F § presents a maximum for an intermediate value
of F. Indeed, when F — 0, it vanishes because § — d, and when F
is sufficiently large, § tends to 0. In between these two zeros, F §
must pass through a maximum when F varies, that we note M.
Therefore, the consistency relation (D.3) has a solution provided

RL cos? Oy
212,
Following the same reasoning as in the linear case, no solution

means that the only equilibrium state corresponds to contact
between both rods. Hence, the critical dry length L} reads as

L+ — 2L123C

¢ Rcos?6y
with o?(L}) = (L})?/L2. cosBy + (L)?/L3.. This relationship is
transcendental and must be solved numerically to be compared
to the linear theory. It appears to be a generalization of the linear
model, see Eq. (8). Indeed, when 6 « 1, Eq. (D.1) reduces to

M(a(L)) = max[F 8(a(L), F)] > (D.4)
F

M(a(L)), (D.5)

d29 2 L /

— =a‘0+F, 6(0)=06'(1)=0. (D.6)

ds?

Solving this equation, we get,

- - = — tanh

a=d—F(W). (D.7)
o

The maximum of the function F § may then be easily computed
and Eq. (D.5) is found to be identical to the equality between
Egs. (8) and (10), i.e. Ag = A.

Fig. C.9(a) shows A —1/2 computed from the nonlinear model
Eqgs. (D.1)-(D.5). This quantity, which vanishes for a linear theory
(see Eq. (10)), is a measure of the importance of the nonlinear
effects which appear to be significant only when £z > 10 £pc
and R > {pc. This region corresponds to very soft and small
rods with a moderate aspect ratio. Indeed, using for example
ps = 1000 kg/m> and y = 0.021 N/m, £z = 10 £z and R = £5c
correspond to E ~ 2500 Pa and R ~ 65 pm. In addition, Fig. C.9(b)
shows that in this region L} is only few times larger than R.
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