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We analyze the injection of a viscous fluid into a two-dimensional horizontal confined
channel initially filled with another viscous fluid of different density and viscosity.
We study the flow using the lubrication approximation and assume that the mixing
between the fluids and their interfacial tension are negligible. When the injection rate
is maintained constant, the evolution of the fluid-fluid interface can be described by a
nonlinear advection-diffusion equation dependent only on the viscosity ratio between
the two fluids. In the early time period, the advection-diffusion equation reduces to
a well-known nonlinear diffusion equation, and a self-similar solution is obtained. In
the late time period, the advection-diffusion equation is approximated by a nonlinear
hyperbolic equation, and a compound wave solution is constructed to describe the
time evolution of the fluid-fluid interface. Numerical solutions of the full equation
show good agreement with the analytical solutions in both the early and late time
periods. Finally, a regime diagram is obtained to summarize the flow behaviours
with regard to two dimensionless groups: the viscosity ratio of the two fluids and the
dimensionless time; three different dynamical behaviours are identified in the regime
diagram: a nonlinear diffusion regime, a hyperbolic regime, and a transition regime.
This problem is analogous to the corresponding injection flow problem into a confined
porous medium. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4922736]

I. INTRODUCTION

The filling or cleaning of channels generally requires the displacement of the original liquid
by a second fluid. The time evolution of such two-phase viscous displacement processes involves
both buoyancy effects, when the two liquids have different densities, and the rate of injection of
the second fluid. We investigate these displacement processes using a formalism familiar from the
literature on viscous gravity currents and highlight the impact of geometric confinement.

For the case of fluid injection into a confined channel, and at times short enough that the
injected fluid does not attach to the second boundary, this problem is well-approximated by the
spreading of a viscous gravity current on a horizontal plane where the spreading volume increases
linearly in time. At late times, the injected fluid reaches the second boundary and the solution is best
described as a compound wave solution, whose structure is determined in this paper.

Many of the features we discuss are related to themes in the literature on gravity currents,
which occur whenever horizontal density gradients exist in a gravity field, with the denser fluid
naturally sinking below the less dense fluid. The propagation of viscous gravity currents, when the
inertial effects can be neglected, has been studied extensively due to its relevance in a wide range
of geophysical and industrial contexts.1–5 Typically, in unconfined geometries, the propagation of a
viscous gravity current has been studied without considering the motion of the ambient fluid. In the
absence of surface tension effects, the system of equations, written in the lubrication approximation,
reduces to a second-order nonlinear partial differential equation in space and time for the thickness
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TABLE I. Summary of typical flow situations in confined geometries (confined porous media or channels) when the
propagation of a viscous gravity current exhibits a transition from an early time self-similar solution to a distinct late time
self-similar solution. The transition of the propagation law for the moving fronts are included in this table with x representing
the length of the current and t representing time.

Initial condition Flow constraints Early time Late time References

Post-injection, confined shape Constant volume, porous media x ∝ t1/2 x ∝ t1/3 Hesse et al.19

Lock exchange, step function Constant volume, Hele-Shaw cells x ∝ t x ∝ t1/2 Hallez and Magnaudet20

x ∝ t1/3

x ∝ t1/5

Point source, no injected fluid Constant injection, porous media x ∝ t2/3 x ∝ t Pegler et al.21

Zheng et al.22

Lock exchange, step function Constant injection, wide channel x ∝ t1/2 x ∝ t Taghavi et al.23

Point source, no injected fluid Constant injection, wide channel x ∝ t4/5 x ∝ t Current work

of the current. This equation was derived in the case of a viscous gravity current flowing along a
horizontal wall,6–9 down a slope,10,11 and in a porous medium.1,2,12–16 When the injected volume
is proportional to a power of time, various similarity solutions have been obtained and compared
with experimental results. The influence of heterogeneity has also been studied using both models
and laboratory-scale experiments in V-shaped channels of varying gap thickness in the vertical
direction17,18 and horizontal direction.16

The propagation of viscous gravity currents in confined porous media has received more
research interest recently. For fluid injection into a confined porous medium with near horizontal
boundaries, in the limit of the lubrication approximation, the motions of both the injected and
displaced fluids are considered, and a nonlinear advection-diffusion equation is obtained for the
propagation of a gravity current.1,12,19,21,22,24–28

In confined geometries, a significant feature is that there is a time when the fluid flow tran-
sitions between the unconfined and confined behaviours. The two-layer gravity current created by
the release of a finite volume of one fluid into a porous medium saturated with another fluid with
different density and viscosity was investigated by Hesse et al.,19 and they show that there exists
a transition from an early time self-similar solution to a distinct late time self-similar solution that
is independent of the viscosity ratio. Also, the study of constant fluid injection into a horizontal
confined porous medium reveals a transition from an early time nonlinear diffusion behaviour to
three distinct late time self-similar behaviours depending on the viscosity ratio of the two fluids.21,22

The viscous lock exchange flows in a two-dimensional horizontal confined channel have also
been investigated, and different flow behaviours have been observed in the early and late time pe-
riods.23,29,30 Table I summarizes some typical situations in a confined geometry, including channels
and porous media, when the propagation of a viscous gravity current exhibits a transition from an
early time self-similar solution to another late time self-similar solution.

The purpose of this paper is to analyze the injection of a viscous fluid into a two-dimensional
horizontal confined channel initially filled with another fluid of different density and viscosity. This
configuration is common to many filling, cleaning, or fluid replacement operations; we show that
this problem contributes to another situation when the early and late time flow behaviours exhibit
different self-similar solutions, see Table I. We introduce in Sec. II the model that describes the
resulting two-layer gravity current with the incompressible form of Stokes equations approximated
within the lubrication limit. In this case, following standard steps, the vertical pressure gradient is
hydrostatic, the equations can be integrated analytically, and the dynamics of the gravity current can
be described by a single nonlinear partial differential equation. We show in Sec. III that in the early
time period, the dynamics of the interface can be described by a nonlinear diffusion equation and
recover the self-similar solution describing a gravity current in a unconfined channel. In Sec. IV, we
study the late time dynamics of the fluid-fluid interface and a compound wave solution is obtained.
The transition process from the early time to late time behaviours is discussed in Sec. V by numer-
ically tracking the propagation laws of the moving front. Finally, a regime diagram is obtained to
summarize the flow behaviours with regard to two dimensionless groups: the viscosity ratio and
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FIG. 1. Sketch of the system. Viscous exchange flow with constant fluid injection in a horizontal channel with depth h0 and
infinite length. The injected and displaced fluids are immiscible and separated by a sharp interface with a propagating front
x f 1(t). The fluids have different viscosities, and for the sketch in this figure, the injected fluid is less dense than the displaced
fluid.

the dimensionless time. We conclude our paper in Sec. VI by summarizing the major findings and
discussing the connections with previous studies.

II. THEORETICAL MODEL

We consider a two-layer viscous gravity current in a two-dimensional horizontal confined channel
of constant height h0; inertial effects are neglected. The channel width into the page is assumed much
larger than h0 and so we model the flow as two-dimensional. The injected fluid is denoted 1 and the
displaced fluid, 2. Typically, the two fluids have different viscosities, µ1 and µ2, and different densities,
ρ1 and ρ2, so that the denser fluid sinks below the other one (see Figure 1). We define λ ≡ µ2/µ1,
the viscosity ratio between the two fluids; we also define ∆ρ ≡ ρ2 − ρ1, the density difference of the
two fluids. We study the case when one fluid is injected at a constant flow rate q, which imposes an
additional pressure gradient for the fluid motion. The dynamics of the problem consist of an interplay,
mediated by confinement, of the effects of injection and buoyancy-driven flow. We assume the injected
fluid is less dense than the displaced fluid, i.e., ∆ρ > 0; a similar analysis applies to the case with
∆ρ < 0, i.e., when the injected fluid is denser than the displaced fluid.

We assume that the mixing between the two fluids can be neglected and also neglect the effects
of surface tension at the fluid-fluid interface. We denote x and y as, respectively, the horizontal and
vertical coordinates, with y measured positive downward. Thus, there is a sharp interface y = h1(x, t)
between the two fluids (Figure 1); determining the time evolution of the interface h1(x, t) is the focus
of this paper. In the limit where the current length is much greater than its depth, the flow is primarily
horizontal and the vertical velocity is negligible. Then, the pressures in the fluids have a hydrostatic
distribution:

p1(x, y, t) = p0(x, t) + ρ1gy, for 0 ≤ y ≤ h1(x, t), (1a)
p2(x, y, t) = p0(x, t) + ρ1gh1(x, t) + ρ2g(y − h1(x, t)), for h1(x, t) ≤ y ≤ h0, (1b)

where p1(x, y, t) and p2(x, y, t) denote, respectively, the pressures in the injected and displaced fluids,
and p0(x, t) represents the pressure at the impermeable top boundary. We note that given the hydro-
static pressure distribution (1), the pressure gradients p1x ≡ ∂p1/∂x and p2x ≡ ∂p2/∂x are indepen-
dent of y .

The fluid motion is governed by a balance between pressure gradients and viscous forces and
can be described by the Stokes equation simplified by the lubrication approximation,

∂p1

∂x
= µ1

∂2u1

∂ y2 , (2a)

∂p2

∂x
= µ2

∂2u2

∂ y2 , (2b)

where u1(x, y, t) and u2(x, y, t) denote the horizontal velocities of the injected and displaced fluids,
respectively. Note that we have neglected the velocities in the vertical direction based on the lubrica-
tion approximation.
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The appropriate boundary conditions for Eq. (2) are no-slip for the velocities along the top and
bottom horizontal boundaries, and continuity of velocity and tangential stress across the interface
between the two fluids,

y = 0: u1 = 0, (3a)
y = h1(x, t) : u1 = u2,

and

µ1
∂u1

∂ y
= µ2

∂u2

∂ y
, (3b)

y = h0 : u2 = 0. (3c)

Equation (2) along with four boundary conditions (3) forms a complete problem statement and
can be solved analytically. The horizontal velocities of the fluids are obtained in terms of the pressure
gradients,

u1(x, y, t) = p1x

2µ1


y2 − [2h0 + (λ − 2)h1] h1p1x + (h0 − h1)2p2x

[(λ − 1)h1 + h0] p1x
y

, (4a)

u2(x, y, t) = p2x

2µ2


y2 +

λh2
1p1x −

�
h2

0 − (1 − 2λ)h2
1

�
p2x

[(λ − 1)h1 + h0] p2x
y

−
λh0h2

1p1x + h0h1 [(λ − 1)h0 + (1 − 2λ)h1] p2x

[(λ − 1)h1 + h0] p2x


, (4b)

where p1x = ∂p1/∂x and p2x = ∂p2/∂x are the driving forces, and λ ≡ µ2/µ1 denotes the viscosity
ratio of the two fluids, as defined at the beginning of this section.

Next, we define the vertically averaged velocities in the two fluids as ⟨u1⟩ and ⟨u2⟩,

⟨u1⟩(x, t) = 1
h1(x, t)

 h1(x, t)

0
u1(x, y, t) dy, (5a)

⟨u2⟩(x, t) = 1
h2(x, t)

 h0

h1(x, t)
u2(x, y, t) dy. (5b)

Then, using (4), we obtain the relationships between the average velocities and the pressure gradients
in the horizontal direction,

*
,

⟨u1⟩
⟨u2⟩

+
-
= − 1/ (12µ1)

(λ − 1)h1 + h0

*.
,

h2
1[4(h0 − h1) + λh1] 3h1(h0 − h1)2

3(h0 − h1)h2
1

(h0 − h1)2
λ

(h0 − h1 + 4λh1)
+/
-
*
,

p1x

p2x

+
-
. (6)

For an incompressible steady motion, the conservation of flow rate prescribes that

h1(x, t)⟨u1⟩ + (h0 − h1(x, t)) ⟨u2⟩ = q. (7)

Substituting the expressions for the average velocities (6) into Eq. (7), together with Eq. (1), we obtain
the pressure gradients corresponding to fluid injection and buoyancy,

p1x = −
12λ[(λ − 1)h1 + h0]µ1q

ω (λ,h0,h1)

+

�(λh2
1 − (h0 − h1)2)2 − λ2h4

1 + λh1(4h0 + h1)(h0 − h1)2�∆ρg ∂h1
∂x

ω (λ,h0,h1) , (8a)

p2x = −
12λ [(λ − 1)h1 + h0] µ1q + λh2

1

�
3h2

0 + h1[(λ − 1)h1 − 2h0]�∆ρg ∂h1
∂x

ω (λ,h0,h1) , (8b)

where

ω (λ,h0,h1) ≡ (λh2
1 − (h0 − h1)2)2 + 4λh1(h0 − h1)h2

0. (9)
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From (8), it can be seen that the pressure gradients include two components, i.e., the contributions
from fluid injection q and from buoyancy ∆ρg∂h1/∂x. During the fluid injection process, the fluid-
fluid interface h1(x, t) changes with time; thus, the contribution of fluid injection and buoyancy to the
horizontal pressure gradients can change with time.

A. Interface dynamics

The local continuity equation for each fluid layer requires that

∂h1

∂t
+

∂

∂x
(h1⟨u1⟩) = 0, (10a)

∂h2

∂t
+

∂

∂x
(h2⟨u2⟩) = 0. (10b)

Incorporating (8) and (6) into the continuity equations (10), we obtain a single nonlinear advection-
diffusion equation for the time evolution of the fluid-fluid interface,

∂h1

∂t
+ q

∂

∂x
*
,

λh2
1

�
3h2

0 + h1 [(λ − 1)h1 − 2h0]�
ω (λ,h0,h1)

+
-

=
∆ρg

3µ1

∂

∂x
*
,

h3
1(h0 − h1)3((λ − 1)h1 + h0)

ω (λ,h0,h1)
∂h1

∂x
+
-
. (11)

Appropriate initial and boundary conditions are needed to complete the problem. We assume that
fluid injection begins at t = 0, i.e.,

h1(x,0) = 0. (12)

Let us denote x f 1(t) as the front of the interface that attaches to the top boundary (see Figure 1), i.e.,
the first boundary condition is given by

h1
�
x f 1(t), t� = 0. (13)

For a constant rate of injection, the constraint of global mass conservation requires that x f 1(t)

0
h1(x, t)dx = qt. (14)

Equation (11) can be integrated from x = 0 to x = x f 1(t), and then using Eqs. (13) and (14), we obtain
a second boundary condition at x = 0 for h1(x, t),

q
λh2

1

�
3h2

0 + h1 [(λ − 1)h1 − 2h0]�
ω (λ,h0,h1) − ∆ρg

3µ1

h3
1(h0 − h1)3((λ − 1)h1 + h0)

ω (λ,h0,h1)
∂h1

∂x

�����x=0
= q. (15)

Note that we have assumed that there is no fluid entrainment at the front of the fluid-fluid interface,
i.e., h3

1
∂h1
∂x

�
x=x f 1(t) = 0.

B. Non-dimensionalization

Let us now rescale the governing equation (11) based on dimensionless variables H = h1/h0,
X = x/xc, T = t/tc, with xc and tc chosen as (note ∆ρ > 0)

xc =
∆ρgh4

0

µ1q
, (16a)

tc =
∆ρgh5

0

µ1q2 . (16b)
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FIG. 2. Typical time evolution of the shape of the fluid-fluid interface from numerical solutions of Eq. (17) subject to (19)
with λ = 1. (a) In the early time period, the fluid interface does not attach to the bottom boundary. (b) In the late time period,
the fluid interface attaches to both the top and bottom boundaries.

Then, Eq. (11) in dimensionless form is

∂H
∂T
+

∂

∂X

(
λH2 (3 + H [(λ − 1)H − 2])

Ω (λ,H)
)
=

1
3

∂

∂X

(
H3(1 − H)3((λ − 1)H + 1)

Ω (λ,H)
∂H
∂X

)
, (17)

where

Ω (λ,H) ≡ (λH2 − (1 − H)2)2 + 4λH(1 − H). (18)

The initial and boundary conditions can also be rewritten in dimensionless form,

H(X,0) = 0, (19a)

H
�
X f 1(T),T� = 0, (19b)

λH2 (3 + H [(λ − 1)H − 2])
Ω (λ,H) − 1

3
H3(1 − H)3((λ − 1)H + 1)

Ω (λ,H)
∂H
∂X

�����X=0
= 1, (19c)

where X f 1(T) ≡ x f 1(t)/xc denotes the location of the front along the top boundary.
Equation (17) along with initial and boundary conditions (19) can be solved numerically and

provides the dynamics of the fluid-fluid interface. The equation only involves one parameter λ, which
is the viscosity ratio. We employ a central-difference scheme in the numerical study, which is second-
order accurate in both time and space.22,31 We note that the convection-diffusion structure of (17) is
characteristic of injection problems with buoyancy driven flows.21–23 In particular, Taghavi et al.23

studied the same partial differential equation (PDE) with different boundary and initial conditions.
Typical numerical solutions for the dynamics of the interface shape are shown in Figure 2 with

λ = 1 as an example. It can be seen that in the early time period, the fluid interface only attaches to
the top boundary, while in the late time period, the interface appears to attach to both the top and
bottom boundaries. The numerical solutions motivate us to seek the distinct early and late time asymp-
totic descriptions. In Sec. III, we provide a well-known self-similar solution as an approximation for
the flow behaviour in the early time period; in Sec. IV, we provide another analytical solution to
approximate the flow behaviour in the late time period.
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III. EARLY TIME BEHAVIOUR

The governing equation (17) contains three terms: an unsteady term, an advective term, and a
diffusive term. For this moving boundary problem, there exists no fixed horizontal length scale. The
characteristic time and length scales (16) have been chosen such that the advective and the diffusive
terms in Eq. (11) have the same order of magnitude at t = tc when λ = 1.

In the early time period, i.e., T ≪ 1, the horizontal length of the current x ≪ xc, or equivalently,
X ≪ 1. Equation (17) suggests that the scale of the advective term varies as X−1, while the scale of the
diffusive term varies as X−2. Thus, in the early time period, the advective term is negligible compared
with the diffusive term. In addition, in the early time period, both H ≪ 1 and |(λ − 1)H | ≪ 1 hold
such that the current is effectively unconfined. Then, the advection-diffusion equation is reduced
to a nonlinear diffusion equation, which describes the spreading of a viscous gravity current on an
impermeable horizontal substrate,8

∂H
∂T
=

1
3

∂

∂X

(
H3∂H

∂X

)
. (20)

The global mass conservation equation in dimensionless form gives X f (T )

0
H(X,T)dX = T. (21)

Equations (20) and (21) and boundary condition (19b) admit a self-similar solution, which is well
known.8

To construct this self-similar solution, we first define an appropriate similarity variable ξ ≡ 31/5X/
T4/5; thus, the front propagates as X f 1(T) = ξ fT4/5/31/5, where ξ f is a constant to be determined. We
then introduce s ≡ X/X f 1(T) = ξ(X,T)/ξ f , so that the shape of the interface can be expressed in the
generalized self-similar form H(X,T) = ξ2/3

f
31/5T1/5 f (s). Here, f (s) and ξ f are the solutions to the

system,

( f 3 f ′)′ + 4
5

s f ′ − 1
5

f = 0, (22a)

f (1) = 0, (22b)

ξ f =

( 1

0
f (s) ds

)−3/5

, (22c)

with the primes denoting differentiation with respect to s. We can determine the asymptotic behaviour
near the front of the interface based on Eqs. (22a) and (22b),

f (s) ∼
(

12
5

) 1
3 (1 − s) 1

3 as s → 1−. (23)

Equation (23) provides two boundary conditions near the front s = 1, i.e., f (1 − ϵ) and f ′(1 − ϵ) with
ϵ ≪ 1, which can be used in a shooting procedure for numerically solving Eq. (22a). The value of
the pre-factor in the similarity solution for H(X,T) is calculated numerically as ξ f ≈ 1.0. Thus, we
have obtained a self-similar solution for the nonlinear diffusion problem, and the front that attaches
to the top boundary propagates as X f 1(T) ≈ 0.8T4/5. The numerically computed shape f (s) is shown
in Figure 3.

Thus, in the early time period, the shape of the interface is described by the self-similar solution
to Eq. (20) subject to the global mass constraint (21). In Figure 4, this solution is plotted along with
numerical solutions of the advection-diffusion equation (17) with boundary and initial conditions (19).
H f (T) represents the location of the vertical front along H axis in Figure 4, and the numerical solution
agrees well with the similarity solution from (22) in the early time period. As time increases, the
numerical solutions depart from the similarity solution. In addition, the early-time self-similar solu-
tion holds longer when λ decreases; a more detailed analysis on the transition time scale is provided
in Sec. V.
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FIG. 3. Early time self-similar solution to the nonlinear diffusion equation (20) subject to the global mass constraint (21).
Using an appropriate similarity transform, the corresponding ordinary differential equation (ODE) and boundary conditions
are given by Eq. (22). This early time result is well known, highlights the unconfined character of the early time solution, and
breaks down somewhat before the current attaches to the bottom boundary.

IV. LATE TIME BEHAVIOUR

We next consider (17) at long times when the convective term can no longer be neglected. We
treat separately λ = 1 and λ , 1. The basic structure of this late time analysis has similarity with
Taghavi et al.23 though some more analytical results are obtained below.

A. Equal viscosities: λ = 1

Let us start from the special case of λ = 1, i.e., when the injected and displaced fluids have equal
viscosities. The governing equation (17) reduces to

∂H
∂T
+

∂

∂X
�
H2 (3 − 2H)� = 1

3
∂

∂X

(
H3(1 − H)3∂H

∂X

)
. (24)

In the late time period, the interface attaches to both the top and bottom boundaries, as can be verified
numerically, and we denote the front location at the top (bottom) boundary by X f 1(T) (X f 2(T)) with
X f 1(T) > X f 2(T) ≥ 0 since the top front moves faster. Again, Eq. (24) suggests that the scale of the
advective term∝X−1, while the scale of the diffusive term∝X−2. Thus, we neglect the diffusive term in
the late time period when X ≫ 1, and the full governing equation (24) is approximated by a nonlinear
hyperbolic equation,

∂H
∂T
+

∂

∂X
�
H2 (3 − 2H)� = 0. (25)

The front conditions are given by

H
�
X f 1(T),T� = 0, (26a)

H
�
X f 2(T),T� = 1. (26b)

Now, we seek a self-similar solution for Eq. (25) subject to (26). It should be noted that an initial
condition is not necessary since we are seeking a self-similar solution for long times. The initial
condition will eventually be “forgotten,” and the (stable) self-similar solution we obtain is considered
an intermediate asymptotic behaviour.2

For Eq. (25), we denote the convective flux function as F(H) ≡ H2 (3 − 2H), which is neither
convex nor concave. We define a similarity variable as ξ = X/T . After some manipulation, Eq. (25)
reduces to

dH
dξ

(
dF
dH
− ξ

)
= 0. (27)

Solving dH/dξ = 0 provides a trivial solution. Thus, we solve dF/dH = ξ, which can be rewritten
as the algebraic equation,

6H(1 − H) = ξ. (28)

An analytical expression for this quadratic equation is obvious, but it does not satisfy the entropy
condition. Thus, we construct a weak solution, i.e., a compound wave solution, which contains a
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FIG. 4. Time evolution of the fluid-fluid interface in the early time period for different values of λ. (a) λ = 1/10, (b) λ = 1,
(c) λ = 2, (d) λ = 10. The self-similar solution of the nonlinear diffusion equation (22) is also plotted (labeled “early time”),
which is independent of the viscosity ratio λ. This self-similar solution agrees well with numerical solutions in the early time
period. As time progresses, numerical solutions depart from the self-similar solution.

shock front and a stretching region, by inserting a shock front at a proper location X f 1(T), using the
“equal-area rule.”32 The compound wave solution to Eq. (28) can be expressed as

H(X,T) =



(
1 +


1 − 2X/(3T)) 

2, 0 ≤ X/T ≤ 9/8,
0, X/T > 9/8,

(29)

which is shown in Figure 5(a). The location of the shock front is X f 1(T) = 9T/8, and the height of
the shock is Hs = 3/4. The location of the front that attaches to the bottom boundary is always zero,
i.e., X f 2(T) = 0, because the characteristic speed dF/dH → 0+ as H → 1−.

B. Different viscosities: λ , 1

Let us now consider the effect of the viscosity ratio on the solutions in the late time period. The
viscosity ratio is defined as λ ≡ µ2/µ1, where µ1 denotes the viscosity of the injected less dense fluid
and µ2 denotes the viscosity of the denser fluid. In the late time period, by neglecting the diffusive
term, the full governing equation (17) is approximated by the nonlinear hyperbolic equation,

∂H
∂T
+

∂

∂X
*
,

λH2 (3 + H((λ − 1)H − 2))
(λH2 − (1 − H)2)2 + 4λH(1 − H)

+
-
= 0. (30)

Let us denote the convective flux function by

F(H) = λH2 (3 + H((λ − 1)H − 2))
(λH2 − (1 − H)2)2 + 4λH(1 − H) , (31)
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FIG. 5. (a) Late time compound wave solutions of the nonlinear hyperbolic equation (30) for different values of λ, and the
asymptotic behaviour as H → 1− based on Eq. (34). (b) and (c) The influence of viscosity ratio λ on (b) the height of the
shock Hs and (c) the location of the front X f 1/T .

and hence, the characteristic speed is

dF
dH
=

6λH(H − 1) �(λ − 1)2H4 − 2(λ − 1)2H3 − 2(λ − 1)H − 1
�

((λ − 1)2H4 + 4(λ − 1)H3 − 6(λ − 1)H2 + 4(λ − 1)H + 1)2 . (32)

Again, we define a similarity variable ξ = X/T , we find (27), and we seek solutions to dF/dH = ξ.
Note that the flux function (31) is neither concave nor convex; thus, again, we construct a compound
wave solution H(ξ) to describe the time evolution of the fluid-fluid interface using the “equal-area”
rule.32 The compound wave solutions corresponding to different values of λ are calculated numeri-
cally and shown in Figure 5(a) with λ = 1/10,1, and 10 as examples. The influence of viscosity ratio
on the height of the shock Hs and the location of the shock front X f 1(T) is provided, respectively, in
Figures 5(b) and 5(c).

The asymptotic behaviour as H → 1−, when the current attaches to the boundary, can also be
studied. Let us denote H = 1 − δ with δ → 0+ as H → 1−, and (32) can be expanded in power series,

lim
H→1−

dF
dH
=

6δ
λ
+

6(5λ − 6)δ2

λ2 + O
�
δ3� . (33)

Thus, the leading-order asymptotic solution as H → 1− can be obtained as a linear function of the
similarity variable,

H(X,T) ∼ 1 − λ

6
X
T

as H → 1−, (34)

which is also shown in Figure 5(a) for λ = 1/10,1, and 10 as examples.
In addition, we can keep both the first and second order terms in Eq. (33); together with dF/dH =

ξ, we obtain

lim
δ→0+

d2δ

dξ2 =
12 − 10λ

λ

(
dδ
dξ

)2

, (35)
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FIG. 6. Time evolution of the fluid-fluid interface according to Eq. (17) in the late time period for different values of λ. (a)
λ = 1/10, (b) λ = 1, (c) λ = 2, (d) λ = 10. The compound wave solution of the nonlinear hyperbolic equation (30) is also
plotted. Numerical solutions approach the compound wave solution in the late time period of the simulation.

and

lim
H→1−

d2H
dξ2 =




−12λ−1(dH/dξ)2, λ ≪ 1,
10(dH/dξ)2, λ ≫ 1,

(36)

which represents the concavity of the interface in Figure 5(a) as δ → 0+, i.e., H → 1−. The concavity
depends on the value of the viscosity ratio λ, with a crossover at λ = 6/5. In particular, for λ ≪ 1,
we have d2H/dξ2 < 0; however, for λ ≫ 1, we obtain d2H/dξ2 > 0. The results are consistent with
the observations in Figure 5(a).

In summary, in the late time period, we neglect the diffusive term in Eq. (17), and we obtain
nonlinear hyperbolic equation (25) or (30) to describe the time evolution of the fluid-fluid interface.
Since the flux function is neither convex nor concave, we can construct a compound wave solution to
the nonlinear hyperbolic equation, for example, solution (29) to Eq. (25) for λ = 1. The height of the
shock Hs and the location of the shock front X f 1(T) depend on the viscosity ratio λ (see Figures 5(b)
and 5(c)). Various compound wave solutions for different values of λ are plotted along with numerical
solutions to the full equation (17) at different times with boundary and initial conditions given by (19),
see in Figure 6. The numerical solutions approach the compound wave solutions in the late time period.

V. TRANSITION PROCESSES

A. Front propagation laws

To demonstrate the transition processes between the short time and long time behaviours
described in Secs. III and IV, respectively, we track the locations of the propagating front X f 1(T) that
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FIG. 7. Time evolution of the location of the propagating front for different values of λ: transition from an early time
self-similar behaviour to a late time self-similar behaviour. (a) λ = 1/10, (b) λ = 1, (c) λ = 2, (d) λ = 10. The front locations
are obtained from the numerical solution of Eq. (17). In the early time period, the front propagates obeying a power law form
X f 1(T )∝T 4/5; in the late time period, the front propagates linearly, i.e., X f 1(T )∝T .

attaches to the top boundary at various times, where H(X f 1(T),T) = 0. In the early time period, the
interface spreads obeying the nonlinear diffusion equation (20) subject to the global mass constraint
(21), and the front propagates in the power law form X f 1(T) ∝ T4/5. In the late time period, the
interface shape is governed by the nonlinear hyperbolic equation (30), and the front moves line-
arly: X f 1(T) ∝ T . The transition from the early to the late time behaviour is shown in Figure 7 with
λ = 1/10, 1, 2, and 10 as examples. The predictions of the front locations from numerical solutions to
the full equation (17) are shown as dots, while the predictions from the various approximate solutions
are plotted as the dashed line (early time) and solid line (late time).

B. Injection regimes

The dynamics of fluid injection into a two-dimensional horizontal confined channel can be sum-
marized in a regime diagram, shown in Figure 8, with regard to two dimensionless groups: the vis-
cosity ratio λ and the dimensionless time T . We have obtained three distinct dynamic regimes: a
nonlinear diffusion regime (I), a transition regime (II), and a hyperbolic regime (III). In regime I, the
dynamics of the interface corresponds to the early time behaviour described in Sec. III; in regime III,
the dynamics of the interface follows the late time behaviour described in Sec. IV.

The boundaries distinguishing each regimes (the dashed curves) are defined as the crossover time
when the location of the top front has a 10% difference between the predictions of the numerical
and self-similar solutions in the early and late time periods. For λ ≫ 1, the slope of the boundary
between regimes II and III is approximately 5, which corresponds to the requirement to reduce the
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FIG. 8. Flow regime for fluid injection into a two-dimensional channel with regard to two dimensionless groups: viscosity
ratio λ and dimensionless time T . The symbols and dashed curves indicate the time when the location of the top front
has a 10% difference between the predictions of the numerical solution to the full governing equation (17) and the
self-similar solutions in the early and late time periods. In regime I, the self-similar solution from the nonlinear diffusion
equation corresponding to the early time behaviour gives a good estimate, while in regime III, the compound wave solution
corresponding to the late time behaviour provides a good approximation. Regime II is the transition regime, where a numerical
solution of the full equation is necessary to provide the time evolution of the fluid-fluid interface.

full equation (17) to the nonlinear diffusion equation (20) in the early time period: (λ − 1)H ≪ 1, or
λT1/5 ≪ 1 with λ ≫ 1, based on the results in Sec. III.

VI. FINAL REMARKS

A. Summary and conclusions

We have studied the dynamics of fluid injection into a two-dimensional confined channel filled
with another fluid of different density and viscosity. Such flows may occur during various cleaning
or displacement operations, for example. Neglecting the mixing and the interfacial tension between
the two fluids, and assuming a distance of propagation long compared to the channel height, the
incompressible form of Stokes equations reduces to nonlinear advection-diffusion equation (11) that
describes the time evolution of the fluid-fluid interface.

We studied the governing equation analytically and identified different behaviours in the early
and late time periods. Specifically, in the early time period, the advection-diffusion equation reduces
to nonlinear diffusion equation (20), and a self-similar solution is obtained;10 in the late time period,
the advection-diffusion equation has been approximated by hyperbolic equation (30), and a com-
pound wave solution is obtained to describe the dynamics of the fluid-fluid interface.23 We have also
numerically solved the dimensionless advection-diffusion equation (17) with appropriate boundary
and initial conditions (19). The numerical solutions agree well with the distinct analytical solutions
in both the early and late time periods. Finally, we summarized these ideas in a regime diagram,
which gives the flow behaviour with regard to two dimensionless groups: the viscosity ratio λ and the
dimensionless time T ; and three different dynamical regimes are identified in the diagram: a nonlinear
diffusion regime, a hyperbolic regime, and a transition regime.

B. Exchange flow with injection

In this paper, we have assumed that fluid injection started at t = 0 from the origin of the system.
Therefore, the displaced fluid occupies the entire channel before fluid injection occurs. There exists
another related flow system: the viscous exchange flow generated by removing a lock gate between
two fluids of different density and viscosity.23,29 For viscous exchange flow, when one fluid is imposed
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with a constant injection rate, the same advection-diffusion equation (17) describes the time evolu-
tion of the fluid-fluid interface in a horizontal channel. However, the boundary and initial conditions
are different, compared with the injection problem investigated in this paper. In addition, the global
mass conservation equation (14) no longer holds, and hence the early time behaviour for exchange
flow system with constant injection is different from the self-similar behaviour described in Sec. III.
However, in the late time period, the compound wave solution, described in Sec. IV, can still be used
as a good approximation for the dynamics of the free interface.

C. Wide channel versus narrow channel

In this paper, we study flow in a two-dimensional channel, which corresponds to a channel with
width w much greater than depth h0, i.e., w ≫ h0. Thus, the drag from the side walls has not been
considered in deriving the velocity field (4), and we have only considered the drag from the top and
bottom boundaries. However, when the channel width is much smaller than the depth, i.e., w ≪ h0,
the drag from the side walls becomes important compared with the drag from the top and bottom
boundaries. In that case, the governing equation for the dynamics of the fluid-fluid interface is equiv-
alent to the equation governing fluid injection into a confined porous medium (with porosity φ = 1
and permeability k = w2/12), which has been previously studied.12,21,22 Compared with our paper,
the time evolution of the fluid-fluid interface behaves differently in both the early and late time pe-
riods: the interface obeys a different nonlinear diffusion behaviour in the early time period; in the late
time period, the dynamics of the interface can be described by three distinct self-similar solutions,
depending on the viscosity ratio.21,22

D. Saffman-Taylor instability

It should be noted that with λ > 1, i.e., the injected fluid is less viscous than the displaced fluid,
and the flow situation corresponds to the condition when the Saffman-Taylor instability occurs.33,34

Our model assumes that the shape of the fluid-fluid interface is monotonic because of the buoyancy
effect, and we obtain a compound wave solution to describe the time evolution of the fluid-fluid inter-
face. A similar situation also exists for the flow during fluid injection into a confined porous medium
initially saturated with another fluid of different density and larger viscosity.21,22 For example, Pe-
gler et al.21 conducted experiments in Hele-Shaw cells filled with glass beads and observed that the
Saffman-Taylor instability does not occur at the reservoir scale, and the theoretical predictions provide
good approximations to the fluid-fluid interface except in the region close to the propagating front.
The suppression of the Saffman-Taylor instability is possibly due to the vertical pressure gradient from
the hydrostatic pressure distribution, and it remains an interesting problem for future investigation.
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